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Interaction of electrons and an electromagnetic field 
treated by analytic continuation 


By S. Bertin Nitsson 


Summary. The analytic-continuation method (‘a-method’) for eliminating divergences has 
been found to be equivalent with the /-limiting process in the classical theory of point 
charges, but to be more powerful in the quantum theory. The present paper contains an 
elaboration of the two forms in which the a-method has been introduced into quantum 
electrodynamics (by Gustafson and by Pauli) and further discusses their interrelation and 
the connection with the classical theory of Riesz and Fremberg and with the A-process. 
The logarithmic divergences, which have so far been unaffected by the method, are now 
removed in the simplest cases (though not in the higher approximations); if the procedure 
is combined with Schwinger’s method, the infinite mass-term that Schwinger isolates then 
becomes finite. 


Contents 
LET CUMOMOR 910.0 '0:0 6 SE G6 BESS WS OO SOC CONE OM IO Oe Oe Re eRe nee ae 370 
INOUBICIODS 5. 0 6 010,0 6.0 8.016 Hi Gite iSO NCNOIE SUNROOM OIC an ks ae ne ea 371 
CHapteR I. Classical Theory 
1. The point electron in classical electrodynamics .................... 373 
MEM ILOMEVIOS Zeller rue mebesedeetts i.e She cts ielisisleaty oles: 6 oie Sue oheelaiieve, ao 8% 0 374 
EEN ver LovablOlmor ste SLOTIMaAISMAl 2m): of. a) sees vise esis ces se es 378 
SeeENTOCIICALIOMS oetets Sat eA er Pel, ott isis etal eins oie 6 wos nce S18, s Sralshels does oe 379 
CuHapterR II. Quantum Theory 
SEC CMOLa tes mE Lio due QUATIONS stares here r <ieloke i wie eae co) ees 2° + sei © 382 
@. Iinpovchicmnon OP WAS Cimeulclonasasons joocooon bodes ado oc odmoOnoOE 384 
7. Gustafson’s method. Applications to self-energy problems .......... 386 
2, Suipalemenniay Calcneimons soqonsaoG0nd000b 10000 coauacmoodeodasan 389 
D. (Chom uancy GMebOMss>« oosoueucoob ogo Nebo ood opp oemoateoecoaman 392 
Os, Tread wis 6 Gas Siaeiecls a aieitene sO Sec ONeIOO DiC Sy eC ORCC eee Cee 396 
Cuaprer III. A Hamiltonian Formalism 
Til, TERS ReneS ogo ga cco ow0 06 6 ONO 50 TOTS OI OID Ooo Chae einEs CO aor aaa 396 
Classical Theory 
12. Hamiltonian form of the equations of motion .............++.+.-5- 397 
13, IDskenoiinitn OF JOYo. ope dao as seo0 ao Pod ced oOo UCemT Caco cpr mc 400 
14. Equivalence with the Riesz method ..............-. eee see eee 403 
oe Connection with the A-limiting) process....5...-....52.-.+se+eeneseee 406 
Quantum Theory 
16. Formulation of the equations .............+2-ee eee eee teeter eees 406 
UTaPrOpervies: Of 9. ia. ese eee ee tee ete teem eee nett eect ees 408 
18. A further connection with Riesz’s integration method.............. 410 
19. Applications to self-energy calculations ........--+-+++++eeee eres 410 


29 369 


S. B. NILSSON, Interaction of electrons and an electromagnetic field 


CHAPTER IV. Logarithmic Divergences 


20. A modification of the scheme......... 2.6.2.2 sess sense eee eeneee 411 
21. Modification of the Riesz—Gustafson method............+.++++0+5- 412 
22. Examples: Self-energy in the hole theory .........--+++++++++s-0: 412 
23. Examples: Higher approximations...... nate p ene eens e tn ee secon. 414 
24. Examples: The level shift — non-relativistically .........-+--+++--- 414 
CHAPTER V. Concluding Remarks 
25. Moving electron. Relativistic level shift ..............+-++sse-0--- 417 
26. Applications to meson theory.......---. +s se sees eee eee teres 418 
27. Another use of analytic continuation ............-+see seer eee ee ees 418 
Dy Mag Ores aC opt) to) 4 eaniadic: WisioiIGeicinmicia odo 0 SIOGNG nnd MLbS obi ole ion O60 GO0.50 G0 o.0 421 
References’ sack. cc's menace nae. a cere sails ey nein onelionet cus sen seein ekeretenstatsr st Rete kak enna 422 
Introduction 


The main problem underlying the present thesis concerns the possibility of | 
eliminating the well-known divergences in quantum electrodynamics by means 
of a special device of analytic continuation. This possibility was brought to 
the fore through the investigations of Riesz and Fremberg within the classical | 
theory of point charges, where the infinities coming from the point singularity 
could be removed in a very natural manner with the help of the integration 
method for hyperbolic differential equations developed by Riesz in 1933—1936; 
the method involves an analytic continuation in a parameter a. The transla- 
tion of the procedure into the quantum theory was undertaken, with good 
effect, by Gustafson in a series of papers during 1945 and 1946. 

The present investigation forms a sequel to three earlier papers, which con- 
stitute the first parts of this thesis; they will here be referred to as [I], [II], ° 
and [III]*. In [I] (1946) Gustafson’s procedure is applied to a self-energy cal- 
culation in the hole theory; in [II] (1948) general consequences with respect 
to the elimination of divergences are established (in the second-order approxima- 
tion) with account taken of the retardation, which had so far been neglected; 
and in [III] (1948) the approximation is pushed to the fourth order (still 
divergent), using a formulation due to Pauli. A short account of the results 
obtained will be given later, in sections 7 and 19. 

Whereas [I—III] are mainly concerned with applications to various self- 
energy problems, the present paper aims at presenting a more general view of 
the situation, and in particular at elucidating the interrelation between the two 
forms in which the analytic-continuation method, or ‘a-method’, has been in- 
troduced into quantum electrodynamics (by Gustafson and by Pauli). To bring 
out also the connection with the classical theory of Riesz and Fremberg, a 
survey of their results is given in Chapter I, where the characterization of the 
procedure as an integration method is stressed. In Chapter II the application 
to quantum electrodynamics is made along similar lines in close connection 
with Gustafson’s procedure; besides to self-energy problems attention is also 
paid to the question of the inner consistency of the definitions used. It turns 
out that certain complications, though probably not very serious ones, are 
caused by the fact of the formalism not being Hamiltonian for general values 


* See the alphabetical list of references at the end of the text. 
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of the parameter a. A modification of the scheme intended to put it into a 
Hamiltonian form is expounded in Chapter III; the change required in the 
original Riesz kernel to achieve this objective deprives the theory of its rela- 
tivistic aspect (except for the end value of the parameter.) The new formula- 
tion coincides in the main with that proposed by Pauli and is found to con- 
stitute a generalization — more powerful in eliminating divergences — of the 
well-known /-limiting process. As a matter of fact the formulations of Gustaf- 
son and of Pauli had in [II] already been shown to remove all types of diver- 
gences except logarithmic ones. Chapter IV takes up the question of the re- 
maining infinities again on the basis of a suggestion by Riesz, which is capable 
of eliminating the logarithmic divergences in e.g. the lowest approximation of 
the hole theory, but not those appearing in higher approximations. A con- 
cluding chapter deals briefly with a few miscellaneous subjects, such as rela- 
tivistic invariance (combination with Schwinger’s method), applications to meson 
theory, and other uses of analytic continuation. 


The work on this paper was carried out at the Institute of Mechanics and 
Mathematical Physics in Lund. It is a pleasure to me to take this opportu- 
nity of expressing my gratitude to my teacher and the head of the Institute, 
Professor TORSTEN GUSTAFSON, who originally suggested this field of investiga- 
tion to me. I am greatly indebted to him for his encouraging interest in my 
work and in my studies, which he has facilitated in various ways, for many 
valuable discussions and suggestions, and for much good advice. 

I want to express my thanks to my teacher in mathematics, Professor 
Marcet Riesz, whose interest in fundamental physical questions of a mathe- 
matical nature has resulted in numerous stimulating discussions through many 
years, from which I have derived great advantage. In the present paper, 
Chapter IV was made possible through a suggestion of his, and I also want 
to thank him for criticizing part of the manuscript. 

My thanks are further due to Professor WoLtFGanG PauLi, who suggested 
the subject of Part [III] of this thesis, and from whom I received many stim- 
ulating impulses during a stay at Ziirich. 

Finally I should like to acknowledge the financial assistance received during 
part of the work from the SwepisH AToMIC COMMITTEE. 


Notations. It is convenient to collect here some notations of a general 
character that will be employed in the following. We work in the four-dimen- 
sional space-time of the restricted theory of relativity, in which a point x has 
four coordinates 2%y, 21, %2, 3 (or generally wx,), x standing for ct if ¢ is the 
time and c the velocity of light. Alternatively, an imaginary time coordinate 
t= tect may be used instead of xz. In the same way a general four-vector 
is written U=U, with y= 0, 1, 2,3; or Uy may be replaced by U,=720). 
The space part of U, in a special Lorentz frame, is U = Ux for S33. 

To define the scalar product of two vectors U and V we introduce the 
metrical tensor g”” = g,» with the non-vanishing elements g°” = —1, Ge eae 
7 ot Then 


(U, V) = 9" U,V, = UV, = U,V", (0.1) 
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where the covariant components U” = g’“ U,, are given by ue === U5; Uk = Ur 
(k =1, 2, 3). If nothing is said to the contrary, Einstein’s summation con- 
vention is always understood to operate, Greek indices running from 0 to 3. 
A reader who should prefer imaginary time components may read all such 
summations as extending instead from 1 to 4, by putting gt S41 Se 
Ut =U, (=—iU?®); of course it is then unnecessary to distinguish between 
upper and lower indices. In general tensor expressions the passage from 0’s 
to 4’s, or conversely, is also immediate. If repeated Latin indices are summed 
over the values 1, 2, 3, the scalar product of two vectors in ordinary space is 
represented by U,V, =U V, so that (U, V) =U V—U, Vo. The vectors U 
and V are said to be orthogonal if (U, V) =0. 

Following Riesz, we write R(x —y) for the square of the Lorentz distance 


between two points x and y: 
Bley) (x yay) (0.2) 


According to this definition R(x) is positive for a time-like vector x and 
negative for a space-like one. In particular, R(x) = 0 is the equation of a 
cone in four dimensions, the light-cone, with its vertex at the origin. 

The symbol Cj signifies the d’Alembertian or wave operator 


0? 0? O2 0” 0? 


—— — i 
= ar T T 2° 
%° Oa,0a, On Oxi Oat Oa 


Oo (0.3) 


A four-dimensional volume element dx da, d x2 dx is written (d)* for short, 
and similarly da, da, da = (dx)*; the index, 3 or 4, may be left out if there 
is no risk of ambiguity. Corresponding notations will be used in other vector 


spaces. 
A space-like three-dimensional hypersurface o (or S) has a time-like normal 
direction at every point. If nm stands for the unit normal (n,n? = —1) for 


which 7%) >0, we shall sometimes use the notation 
do,=—n,do, (0.4) 


do being the absolute value of the three-dimensional surface element. With o 
a plane orthogonal to the time axis we have do=do® = (dz)*; thus the 
‘surface integral’ over o is then an ordinary volume integral in three-dimen- 
sional space. 


* In view of the custom among many quantum physicists of using the notation U, = i Up 
(with lower indices), it was thought worth while to deviate from the usual convention in 
tensor calculus about the placing of the indices, and to denote the ‘ordinary’ (contravariant) 
vector components by subscripts, The only difference between the two kinds of components 
feo Mate that U® = — Up, this should not cause any confusion. (Cf. also the writings of 

irac. 
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CHAPTER I 


Classical theory 


1. The point electron in classical electrodynamics. Even within the frame- 
work of classical electrodynamics, the motion of an electron in an external 
field presents a fundamental theoretical problem, which is linked up with the 
question of the inner structure of the electron. This comes from the fact that 
the force exerted by a charged particle on itself depends on the distribu- 
tion of the charge. However, an approximate equation of motion could be 
derived by Lorentz’ for a finite electron and, in the local rest system (1. e. 
when velocity v is just zero), takes the form 


dv ND eda} 


"dt 
The charge on the electron has here been set equal to —e, and structure-de- 
pendent terms proportional to the radius and higher powers of the radius have 
been neglected. 

The mass m in Hq. (1.1) is made up of the purely mechanical mass my and 
an electromagnetic mass-term, which is inversely proportional to the radius of 
the electron. An infinity will therefore appear if the radius goes to zero, as 
it would for a point charge; and because of certain difficulties connected with 
a finite extension of the elementary charge, it is in fact natural to picture 
the electron as being in principle a point.? In spite of the singularity Dirac 
could, however, make it plausible, by considerations involving the energy and 
momentum of the field, that the relativistic formulation of (1.1), 


2 ; : 
MC tty = Sal ens uw? u,.) —e Fart’, (1.2) 


should hold exactly for a point electron, within the limits of the classical 


theory.* Here F,,, is the electromagnetic field tensor* of the external field, and 
u=:z is the velocity four-vector (u, uw’ =— 1), dots denoting differentiations 
with respect to s, the proper time multiplied by the velocity of light. 

To obtain this equation of motion Dirac had again to make an arbitrary 
compensation of a singular term; but it is also possible to arrive at the equa- 
tion without singularities, with the help of some suitable mathematical artifice. 
Thus Wentzel® had combined the Dirac—Fock—Podolsky many-time formalism 
with a certain averaging and limiting process, later simplified by Dirac®: 


1 See Lorentz [1] §§ 27, 37, and Note 18; or cf. Hrrrier [1] § 4. 
2 Cf. FRENKEL [1] pp. 526—528. A relativistic theory of an extended electron is, how- 


ever, given in MacManus [1]. ; 

® Drrac [1], where some difficulties in the physical interpretation of the equation are, 
however, pointed out. For a discussion also of other possibilities, as well as for further re- 
ferences, se ELrezeR [2] and Havas [1]. 

4 If # and H are the electric and magnetic field strengths, then Fox = Er and Fik = H1, 
i, k, 1 being an even permutation of I, 2, 3; further Fury =— Fou. 

> WENTZEL [1]. 

8 Dirac [2]. 
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whereas the ordinary retarded field diverges on the world-line of the electron, 
the ‘A-limiting process’ of these authors there leads to a finite expression, viz. 
half the difference of the retarded and advanced fields. That difference just 
gives rise to the first term on the right-hand side of (1.2). The same value 
on the world-line, and thus the same equation of motion, can be obtained very | 
naturally by a process of analytic continuation founded on Riesz’s method for 
solving hyperbolic differential equations’, as applied in classical electrodynamics 
by Riesz and Fremberg.? It is this procedure that we are going to occupy | 
ourselves with here. 

Though the Riesz method uses quite a different line of approach from the 
j-process, the methods have been shown by Ma? to be fully equivalent in the 
classical theory*, in the sense that they yield identical expressions for all field 
quantities. According to both methods, incidentally, the mass m in Hq. (1. 2) 
is to be equated to the purely mechanical mass of the electron, a fact which 
corresponds to the electrostatic self-energy being zero, as is rather natural for 
an elementary particle. 7 


2. The Riesz field. We start from Maxwell’s equations written in terms of 
the electromagnetic potentials A, °: 


Ay (x)= — = 4 (x), (1.3) 
0 Ay (x) — 
Te: (1.4) 


The numerical value of the constant ¢) is 1/42 in ordinary Gaussian units — | 
in Heaviside units it is 1 — if the current-density four-vector s, is normalized 
so as to make sy equal to the charge density. For a point electron s,, (x) 
vanishes outside the world-line Z of the particle: 


su (a) = —e [ dy (* — 2) yds = — ety ds (x — 2), (1.5) 
L 


where, in the last expression, x — z lies in a three-dimensional plane ortho- 
gonal to the world-line. As before, z is the position vector of the electron 
(charge —e) and u,=%,; thus u,ds = dz. 

Assuming the current-distribution (i.e. the world-line) to be known, we are 
here interested in the special form under which A,,(x) appears if Kq. (1.3) 


is solved by means of Riesz’s method. A few general remarks about the method 
may first be in place. 


' Riesz [1], [2]. See also on a particular question FrEmMBERG [1] and for detailed accounts 
FREMBERG [2] and Rresz [3]. 


. pee fer [2] Chap. 12, FremBerc [3], and Riesz [3] Chap. VI. 
A [1]. 


: Not in the quantum theory; see section 17. 
These are connected with the physically observable field strengths F,,, by the well- 
known relation Ey OA O ae 0A,/0 x”; in three-dimensional language Ag is the scalar 

potential and A the vector potential of the field. 
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We define (with R= — (x, x)) 


l a—4 
eta) | me Bator h(x 00a, 0, (1. 6) 
| 0 otherwise, 
with 
= 2 
H (a) = 22° r(5) ie (=) (en 


Cl u(x) = —f (x) (1.8) 


which, together with its normal derivative, takes prescribed initial values on 
a three-dimensional space-like surface S; according to Riesz it is obtained by 
analytic continuation in the parameter a to a =O of the expression 


ull (x) = { Vet2 (x —y) f(y) (dy) + 


d NEN oes 
+f [rent Aer agile ao 


S 


(u is first to be defined for such values of a as make the integrals con- 
verge; see the papers of Riesz and Fremberg cited in note 1, p. 374). Here 
d/dn=n,0/0y, means the derivative along the inner normal n to the sur- 
face at the point y, and 2; is the whole region of space-time on the future 
side of S. Since, by definition, the kernel V“(x — y) vanishes outside the 
retrograde light-cone from the point x, the domain of integration is in reality 
only the interior’ of that half-cone down to the surface S. In particular, under 
suitable conditions on f, S may recede into the infinite past. 
As is easily verified, the kernel V“(x) has the property that 


Vet? (x) = — V(x). (1. 10) 


The way (1.9) is built up ensures that the same relation then holds good also 
between ut?) and wl). 

If A\) is formed from Eq. (1.3) in accordance with this scheme, the volume 
integral reduces to a line integral owing to the singular character of s,. The 
formalism is developed in e. g. FremBercG [2] Chap. 12; the rest of this section 
is only a summary of results that will be of importance in the following. With 
a slight change of the definition we write, in the absence of a boundary surface, 


1 Moreover, the factor 1/H(2)=0 causes V7(x —y) to vanish except for R = 0, and so 
the actual solution gets contributions only from the cone mantle (Huygens’s principle). 
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Ai (a) = — Lge | Vette — a) day, CT 
i8 


where J, is a constant with the dimension of a length, introduced to make 


A® dimensionally independent of a. The surface integrals corresponding to 
those in (1.9) have been assumed to vanish in the limit as S tends to infinity 
in the direction of negative z), which is true if the world-line approaches a 
time-like asymptote for z) ~ — co. This being presumed, the integral over L 
converges for 0<a< 1, and is defined for other values of a by analytic 
continuation. The simple form (1.11) also implies that there is no external . 
field present; if there is an external field, or more than one electron, further 
terms have to be added on the right-hand side. 

With Fremberg we use the notation ‘Riesz potential’ for the generalized po- 


tential vector AS It is an analytic function of a, the quantity of physical 
importance being obtained for a = 0.? | 

It is easy to establish that the general Riesz potential satisfies the divergence 
relation (1.4), and that 


O A (x) = — © stl (x), (1. 12) 


Ed 


a being the Riesz current density 


122 


s(@) (x) ee tae cif V% (x = z) dy. (i; 13) 
L 


The Riesz field strengths poe obtained in the usual way by differentiation | 
of A\*’, still obey Maxwell’s equations with sus as in (1.12), playing the role | 
of the current density. Moreover, from the generalized energy-momentum tensor — 


Te =e (Fak, — tou, Fin Fe) (1. 14) 
one arrives at a corresponding ‘Lorentz force density’ for general a’s: 


Cr ae 
jie = — ae Fe, gr, (1. 15) 


The singularity contained in the original formulation of the theory, Eqs. 
(1.3)—(1.5), has disappeared in the case of the general a-quantities Pipers 


. . . . fee ee 
etc., for a>0; and it is interesting to see what happens when a tends to 


‘ * No such constant need appear explicitly in the formulas if these are regarded as rela- 
tions between numbers (e.g., lengths to be measured in multiples of the unit Jy); so in [I] 
and [II] etc. Moreover, since « tends to zero in the end results, lg may safely be left out 
as unessential except in logarithmic expressions, cf. Chap. IV. (The logarithmic terms in 
[II] § IV conform to the choice Jy = 1/2 m.) 

* The papers of Fremberg and Riesz, as well as [I] and [II], use a different normaliza- 
tion of the parameter in A(@), the end value there being «= 2. In comparing with e. g. 
FREMBERG [2] also note the difference in the metric and in the sign of the charge. 
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nought. ‘First it may be remarked that, as they should, Ae and F ey are found 
to” coincide in the limit with the classical retarded fields of Liénard and 
Wiechert at points outside the world-line, and s‘ to approach zero uniformly 


in every closed region that is free of electrons. But though the analytic con- 


tinuation of se) is in addition finite even on the world-line, the continuation 


of the integral of si) over a three-dimensional domain that cuts the line 
orthogonally does not vanish; instead it equals — €U,, the same value as is 
obtained on integrating the 6-function in (1.5). A further integral property, 
proved by Riesz‘, relates to the Lorentz force density ies if 2 is a closed 
four-dimensional domain whose boundary surface intersects the world-line in 
z and x’ (where the surface is presupposed space-like, s’ < s’’), then 


pont i se (x) (da)* = — | Fu» (z) u'ds, (1. 16) 
2 Su 
where, on taking account also of a possible external field, 
F.,,(z) = Tava; (lu Mr — ty ty) + Fin (2). (1. 17) 


The continuation in (1.16) must be performed from values of a> 1. 

It is of some interest to note that the left-hand side in Eq. (1.16) comes 
out correct if si) is again replaced in the integrand by the original expression 
8, comprising a o-singularity; for as shown by Fremberg, the analytic con- 
tinuation of F ae calculated for a point z on the world-line yields precisely 
(1.17). Quite generally, all field quantities turn out finite on the world-line?, 
even though they may take arbitrarily large values in the immediate neigh- 
bourhood (thus they are not continuous). 

The Lorentz-Dirac equation of motion is now a simple consequence of the 
formalism. As a matter of fact one is led to it in two different ways. First, 
according to Fremberg’s derivation of (1.17) as the field strength on the world- 
line, a point electron should experience the force — eF,,,(z) wu’, that is to say® 


MC tty = — OF yy (ze) U", (1. 18) 


which is only another mode of writing Eq. (1.2) (in the latter equation é9 has 
been put equal to 1/42). Secondly, since ie =— OT /0 ay, it is natural to 
interpret the negative of (1.16) as the flow of electromagnetic energy-momentum 
out through the whole three-dimensional surface of the region 2, and then it 
follows from the conservation laws that 


” 
s§ 
” 


[me? u,], = —ef Fus(z)wrds, (1. 19) 


8 


1 No proof is published. Cf. section 27. 
2 Ma [1]. 
3 Here and in the rest of the paper m stands for the mechanical mass. 
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where the expression on the left gives the change in mechanical energy and | | 
momentum. Obviously Eqs. (1.18) and (1.19) are identical. 


3. Interpretation of the formalism. If we assume the formalism above to 
have a physical import, we may take the following view of the situation. 
Owing to the singular character of the point electron, the field A,, (x) becomes | 
singular too on the world-line, and so it is meaningless, for instance, to try — 
to form the field derivatives necessary for determining the force on the elec- 
tron. However, it is possible to give a unique definition of those derivatives, | 


and generally of all field variables the world-line as well as outside, by — 


starting from the generalized field Ay that enters as an intermediate stage — 
in Riesz’s solution of the equations (the field on the world-line then appears as — 
a sort of residuum). The values thus obtained being accepted, the problem is 
completely determined mathematically. 

It is important that, as we have seen in (1.19), the results of this procedure 
are supported by considerations of energy and momentum. Ordinarily the use- — 
fulness of such considerations is impaired in the case of point charges by the 
infinities inherent in the quantities; but if the generalized stress tensor T be 
is used for the definitions, there will be no difficulties of that kind. The total 
energy (cP,)) and the total momentum (Px) of the field are then to be de- 
fined as 


P,, (3) = cont — sf ai do” (1. 20) 
a=0 


(convergence for a > 1/2), o being a space-like three-dimensional surface cut- | 
ting the world-line in a point 2 (e. g., the plane 7) = 2). The notation P,, (z) 
implies that the expression is a four-vector which depends on z but not on | 
the particular shape of o outside the world-line. That is true if there is no — 
radiation field at infinitely distant points of space (the world-line must then 
approach a time-like asymptote for z —- — co); otherwise we must write P,, 
as a functional P,,[o] depending on the behaviour of o at infinity, and then 
the energy and momentum of the field do not form a four-vector. 

Anyway, in contrast with the ordinary expression not involving analytic 
continuation, (1.20) yields finite values, at least if some care is exercised in 
the evaluation; e.g. the integral should first be extended over a finite region 
whose boundary is then allowed to go to infinity after a is continued to nought 
(see also section 4). For an electron at rest in some Lorentz system one gets 
in this way 

Pro (1. 21) 
(cf. Eq. (1.23) below). More generally, it is seen from (1.16) and (1.19) that 
when. we are allowed to write P,, = P,,(z) the total momentum vector of field 
and particle is constant in time: 


mck, + P, (z) = const. (1. 22) 


Of course there is much in the present formalism that is at variance with 
current conceptions. As an illustration a remark may here be inserted about 
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a singularity of electromagnetic energy and momentum that may still be said 
to persist on the world-line in spite of our having apparently arrived at the 
results above without any singularities at all. Thus in the simple example of 
an electron at rest, the electromagnetic energy residing within a three-dimen- 
sional sphere of radius r with its centre on the electron is readily found to bet 


W (r) = cont 4 i! ye (dx)? = — eee (1,23) 


in agreement with (1.21). For r tending to zero, W(r) tends to minus in- 
finity. This is the same term that Dirac” had to introduce by way of com- 
pensation in his discussion of energy and momentum balance, and was pictured 
by him as arising from an infinite negative mass at the centre of the electron; 
in the present treatment the singularity appears as a manifestation of the 
electromagnetic field. 

Returning to the general Riesz field quantities we may note that, although 
Maxwell’s equations are formally satisfied, we have no scheme involving equa- 
tions of motion for general a’s; and it is easy to see that it would not be 
very fruitful or natural to attempt such an extension.? Instead the Riesz 
field is to be regarded as a simple representation of the real field, with the 
property that as one passes back to the real field from it one gets at the 
same time mutually corroborating finite definitions of values on the world-line 
and of energy-momentum quantities. Those definitions seem to be the only 
reasonable ones 2f the electron is pictured as a point charge, and if one wishes 
to retain the ordinary field equations. 

Laying the stress on the world-line values — in view of the subsequent 
developments —, we can say that the procedure amounts to treating the ques- 
tion of the electron’s motion as a pure integration problem to be solved by 
the Riesz method: if we know the world-line of the electron up to a point 
z, then the method, in conjunction with Kq. (1.18), enables us to continue 
the world-line beyond the point by supplying a definition of the field strength 
also at the point z itself. 


4. Modifications. Pursuing the trend of the last paragraphs, we shall now 
make a few considerations which are not important at the present stage, but 
will be of some use later on (section 8, Chapter III). Of course it is physi- 
cally immaterial how the field behaves for general a’s, for example whether or 
no the Maxwell equations (1.12) are satisfied; what is important is the be- 
haviour for a tending to nought. Provided the results are not altered, there 


loo) 
, Ca eee a hep es 
1 Use EI =—0 A/a, with Af’ (x)= — rors re—l f(a), where f(c) = 5 1p “ | 


g 


-(¢+1)-'2dt tends to unity as «0. This expression for Ae) follows immediately from 


e.g. Eq. (1.31) (with w,= is) if R is set equal to rt (for an electron at rest we have 
2 = %) — (R+7°)'?). 

2 Drrac [1] Eq. (21) and p. 155. . 

cain re ani we shall come back to a formulation for general «’s, which will not 
be relativistic, however. 
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is then nothing to prevent us from modifying the expression (1.11) for AQ 
when a> 0, should we find it convenient to do so. As a matter of fact, that 


expression is certainly the simplest and most natural one, but it may in some | 
cases lead to purely formal difficulties for a > 0 due to the contributions from — 


the infinite parts of the world-line in (1.11). 


With the procedure interpreted as an integration method for equation (1.3), | 


two possible modifications are near at hand. In the first place Ag } may be 
defined in accordance with (1.9), that is by not integrating over the whole 
world-line but only down to a three-dimensional surface S; to the line integral 
is then also added a surface integral over S, which, however, can be neglected 


in the absence of an external field if the end results are afterwards computed © 


for S approaching 2 = — oo (cf. the lines following Eq. (1.11)). With this 
definition the total electrostatic energy of an electron at rest, for example, 
comes out as zero automatically, in accordance with (1.21), no other precau- 
tions now having to be taken. 


Secondly, we may modify the kernel V“: since only the vicinity of the cone — 


mantle plays a role for the solution, it is of no consequence for the integra- 
tion problem if the form of the kernel is altered inside the light-cone for, say, 
R> Ry. More generally we may replace V*t? in (1.11) by a new kernel de- 
fined with the help of some continuous weight function vz (of dimension 1/72): 


Ve (ey ae (x)'0q (2); (1.24) 
: ve 47 
1.e., writing Maii Gio) Va = Wa, 
; an oe 
Va tq (*) 2 Wa(x) or 0, (1.25) 


according as x does or does not lie inside the direct light-cone from the origin, 
cf. (1.6). As before, R= — (x,x). It is apparent that the new kernel will 
lead to the same results as the old if we postulate the condition on v, that 
it is to tend to unity, and its derivatives to zero, for R>0, a—>0. Since 
1/H (a + 2)=a/4m + O(o?)*, the same condition is then satisfied by we. The 
important point is that we have the possibility of letting v1, go down to zero 
for large values of R in such a way that no convergence problems arise at 
infinity. For example, we might choose vg = I-*e-¢®/3: another simple 
choice is 


Va(x) =15¢V2t2 (x) for x=a/lp, (1.26) 


Vé(x) being the Riesz kernel belonging to the equation (—-D + *)a=7%: 


y= s\ (= @/2 2k Vat2k I Ri = 
= ay i y2k VY es Ja—4(% R?). (1.27) 
k=0 gpl SW Mae 2 
TUL ma Nis 2 
: If 2 = O(a”) as « goes to nought, then |8| < OC a. 
See Riesz [2] p. 169 and [3] § 56%, or Frempure [2] Chap. 11. 


380 


ARKIV FOR FysIK. Bd 1 nr 19 


The relativistic character of the formalism for all a’s is retained if ip asee 
function of « depends only on R}1, as in the examples above. In Chapter III, 
however, we shall be obliged to renounce that requirement; thus in general 


Va (x) = Ve (R, ty, ty, ts), (1.28) 


the ¢,’s being three parameters characterizing the points on the hyperboloid 
surface R—=constant. Nor will it be possible there to fulfil the above-men- 
tioned condition on the derivatives of vz, only that on v, itself: 


vp (0, te) = 1. (1.29) 


Even then it is easy to see that the modified kernel is satisfactory for the 
integration problem at points outside the world-line. The generalized expression 
for the Riesz potential is 


lb 


A'®) (x) = — = { V"(x — 2) dzu, (1.30) 
0- 
L 


or, with z, and ¢ expressed as functions 2, (x, R),t,.(x,R) of R and of the 
field point x, 


oo re 
AO (<\ = aes wa (R, uy aR. (1.31) 


“ WD Fe 
0 


As a consequence of our condition (1.29) on ve or wa, this expression gives’, 
for a tending to nought, 


A, (x) = — 3 2u\ (1.34) 


Er 0 RJ r-0 


which is the ordinary retarded field?. As is immediately evident, correspond- 
ing results are obtained for all derivatives: they are not affected by the 


1 A corresponding generalization is used in Riesz [3] § 77. . 
* This follows from the lemma given in FrRemBERG [2] § 13: f (%, ¢, y) being a continuous 
function of a, t, y for 0<a< A, 0<t< 7, and in the domain of variation of y, then 


Th 


‘lima [tx-1f(«, t, y) dt = f (0, 0, y). (1.32) 
a0 9 
For other exponentials one has 
4H 
cont a f -ndt=0 (n# 1). (1.33) 
a=0 9g 


In (1.32) the upper limit 7’ may be infinite if the integral still converges for some value 
of « and continues to do so at the upper limit as «— 0. 
3 See FREMBERG [2] § 43, or Riesz [3] § 76. 


381 


Ss. B. NILSSON, Interaction of electrons and an electromagnetic field 


presence of wz. in (1.31), at points outside the world-line. We shall not now |. 
enter into the question of the values on the world-line. ! | 

It is interesting that the divergence of A‘ still vanishes, for by direct | 
differentiation of (1.30) under the sign of integration (which is now possible) 
we get 


0 AY? (x) te e€ [* Ve (x — lh ye é [* Ve ideal Mi. = 0, (1.35) | 
£0 4) fo J 


0 Lu 0 Zu 


OSu 


since V@ is zero at both limits. 


Cuaprer II 


Quantum theory 


5. Generalities. Field equations. As is well known, the divergence diffi- 
culties associated with the assumption of point charges remain unchanged in 
quantum electrodynamics. The specific quantum effects give rise to new 
divergences, which appear when one tries to solve the equations (at least if | 
the ordinary perturbation method is used), typically manifesting themselves as 
an infinite contribution to the self-energy of the electron!. | 

It is natural to inquire how the methods for avoiding divergences in the | 
classical case work in the quantum-theoretical one. The A-limiting process | 
was developed parallelly in the two theories?; applied to quantum electrody- | 
namics it results in elimination of the infinity that directly corresponds to the 
classical point singularity, the purely quantum-theoretical divergences still | 
remaining. To remove them Dirac has proposed a theory in which there is | 
also room for photons of negative energy besides the ordinary positive- energy 
ones®; the physical interpretation, however, is not very straightforward. As for 
analytic continuation, Riesz’s integration method was introduced into quan- | 
tum-electrodynamical calculations by Gustafson*, who also found that it is | 
then possible to do without the hypothesis of negative-energy photons. We | 
intend here to look a little more closely into the possibility of extending the | 
classical theory outlined in Chapter I to quantum electrodynamics. } 

In order to prepare for the application of Riesz’s integration method, we _ 
shall first summarize a scheme of field equations in quantum electrodynamies.°® 
The quantized electromagnetic field is described with the help of the vector | 
potential A,,(«), a quantized spinor field w(x) being used to represent the | 
electrons (as before the electronic charge is written — e). In the one-electron 


theory the equations can then be obtained from a Lagrangian density of the | 
form 


WALLER [1], OPPENHEIMER [1]. 

WENTZEL [1], Drrac [2], [4]. 

Dirac [3], [4], see also Paurt [3] and Exiezer [2]. 
GustaFrson [1] — [5]; see section 7 below. 


HEIsENBERG—Pavii [1], Fermi [1], Hetsrenpere [1]. See also e.g. Pautt [2] and the | 
book WENTZEL [2]. 


1 
2 
3 
4 
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Eo 0 A, 0 At 


ey 0 MC dap? 
. (*) »} 0 x, Ox” : vy (>. ) Lu 4 h )y =n PG Ay wy (ey) 


The y,’s are four-row matrices (components Yu,ep; a, B= 1, 2, 3, 4) with 
the property 


Vu Vo + Yo Yu = 2 Juv (2.2) 


(thus 71, V2, Ys, and y4=%79, are Hermitian); they are connected with the 
ordinary Dirac matrices a,, 6 (with ag =1) according to 


Yeo=—tP az, thus y,= 8p. (2.3) 


The complex conjugate spinor to y = a is written y", from which yt is ob- 
tained as p! = py, = y" B (i.e. y! = v3 832 with summation convention); then 
y'y is relativistically invariant and yty,y=—iy"*a,yp is a four-vector. 
Hence £ is invariant. 

The variational principle 6 ir £(da)* =0 yields the field equations 


ae 
0 A, (x) = se pt (x) Yup (x), (2.4) 
Mog. fee a w(x) yp (x). (2.5) 
Eq. (2.5) is equivalent to 
A pt Ripe be No 
i= T aylt t 
(pan Cig ed Wha Ay. (2.5) 


The quantum conditions for the fields are expressed by means of the com- 
mutation relations (with x written as 7, 2) 


= 0A, x, 4 the aa ==) 
[40 (x 5 Xp) - | = * Juv 6 (x nae 03 ils (2.6) 


{Pa(@, ao), pp a’; %)} = dag d(x — 2’), (2.7) 


which are compatible with the field equations. Other combinations of the 
quantities entering in (2.6) and (2.7) commute or anticommute in a well-known 
manner (for the same time coordinate). The bracket symbols have the following 
meaning: 


(A, B] = AB — BA, {A,B} = AB + BA. (2.8) 


The state of the system is characterized by a normalized state vector C = [> 
which in the representation used here (the Heisenberg picture) 1s constant in 


1 For brevity we use the common notation % with u = 0,1, 2,3 also for the a&-matrices, 
though they do not form a four-vector. — The different uses of « ete. should not be too 


confusing. 
383 


S. B. NILSSON, Interaction of electrons and an electromagnetic field 


time; expectation values are then formed according to the pattern < F )= | 
<|F|)=(C, FC). The formalism is completed by the requirement that the | 
state vector should satisfy the auxiliary condition 


CRS) Bai) (2.9) 


Oxy 


Finally we write down the definition of the canonical energy-momentum | 
tensor Ty: 


OG Bag 
[EResia )y aq + deb (2.10) 


the summation being extended over the field variables g. In the present case, 
after symmetrizing the first term with respect to the order of the factors, 


thes or 


a [ [08s 24°| 4 241 OAT 4 9g ty, OR, 
2 ke go Oa? 9 6 2, 00° eae 0 x Gl 
The conservation laws find their expression in the fact that 


0 Tu 
0x, 


=0. (2.12) 


6. Introduction of the a-method. In Gustafson’s treatment of the system 
(2.4), (2.5) he had recourse to perturbation theory, i.e. expansion in powers 
of the dimensionless constant (42 €))~* (e?/he)? = 1/V 137, analytic continuation 
being used to solve the first-order equations (with the right-hand side propor- 
tional to the perturbation parameter). In practice a perturbation method seems 
to be the only feasible way at present. However, to see the connection with 
the classical case let us first consider the exact form of the equations. 


The right-hand side of Eq. (2.4) may be written es p* (x) au yp (x). Now 
€ 
wy* (x) p(x) is an operator with the characteristic values Da O(a —%)', and so 


n 

the connection with the classical point singularity is evident; by analogy we 
can hope that Riesz’s method will be able to remove the divergences that are 
a consequence of that singularity. As before we regard the application of the 
method as a pure integration problem analogous to that formulated at the end 
of section 3: suppose we know the electron field y up to some space-like 
surface o (e.g. up to the time zp), then the problem is to indicate how the 
field is to be continued beyond the surface. 


To imitate the classical procedure we have first to form the Riesz potential 
Aa which is defined up to oa: 


* See HEIsENBERG-Pavti [1] II, p. 188. 
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1eé ; 
Aa) i Li ii Ver? (% — y) pt (x) yep (x) (dy)t + AM (®), (2.18) 


the second term corresponding to the surface integral in (1.9) (cf. below). 
We have then to perform the analytical continuation to a—0 for x a point 
on the surface o, the result to be introduced into the equation of motion 
(2.5). This would be in complete analogy with the way in which the classical 
equation of motion (1.18) was obtained; the question is, however, will this 
procedure in the quantum-theoretical case have any different effects from the 
ordinary procedure? 

At first sight it would seem to give the same results, because the singularity 
in (2.13) is not apparent; the analytical continuation of AY can be carried 
out formally as usual, and then yields an expression in the form of a retarded 
potential’ just as the ordinary treatment (cf. also Eq. (2.22) for a= 0). How- 
ever, if AW is characterized by its effect on the things it operates on (state 
vectors, other operators), the analytic continuation will in fact have other 
properties in some respects than the formal expression for a=0, as we shall 
see in the next few sections. To bring out the importance of the procedure 
we write, instead of (2.5), 


0 mC Le . 
——+— EO EG (ae 
(v. Oe ah Jv) roan (*) YY. (4) (2.14) 


(to be continued analytically to a = 0), as a natural counterpart? to the classical 
equation of motion (1.18). 

Classically the method led also to finite definitions of energy and momentum 
quantities. The quantum analogue would be to define such quantities from a 
tensor 7“? formed as in (2.11) but with A‘ taking the place of A, and with 
wy obeying Eq. (2.14). Thus we get, for example, the following expression for 
the ‘Hamiltonian’ H = cP, (o being taken as a plane 2) = const.): 


(a) KG (a) i(a) 
aati ay OA 0A*®) OA," OA 
t= cont [| (2 0% us O xy; O x, | 


(2.15) 


cane? Malthe A 
statin (ase + me 8) + ey* at AX v| (dx)”. 


It is not sufficient, however, to lay down new definitions; in order to be 
satisfactory they must also be compatible with the equations of motion. That 
means here that the analytic continuation of the volume integral of 0 Ley On, 


over any four-dimensional region must be required to vanish as a consequence 
of (2.13) and (2.14): 


1 Cf. e.g. Frempere [2] Eq. (12.9). aie ' 
2 On the connection between the Dirac equation and the equations of motion in classical 


relativistic point-mechanics see Pavurt [1]. 
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an”) 
cont | OF (a) — 0. (2.16) | 
a=0 S v 
It is easy to establish that 
aT) sae Doemeto GN Be amen as | 
an mao ea ; “oy baka ia ae (2.17) | 


If the analogy with the classical case could be pushed further, we should ex- 


pect the contmauen of the iivegtes of (2.17) to be unaffected by the sub- . 


stitution of ceyty’y for & ee in the first term on the right-hand side of 


(2.17). This may seem promising, — since the second term, apart from the order 
a) 


of the factors, is the negative of ‘ele VAT ap if but it is evident that an 


explicit calculation is needed to ae whether (2.16) is really fulfilled. We 


shall come back to such a calculation in section 9, in the lowest significant 
order of approximation, after first occupying ourselves with the important 
question whether the new definition of energy and momentum gives finite 
results. 

Before going over to perturbation methods we shall however say a few words 
about the second term Ay in (2.13). If a boundary surface S is used, as in 


the second paragraph of section 4, ye is a surface integral of the form given 
n (1.9). It is not true, however, that this integral tends to zero when S 
recedes into the infinite past, at it did in the classical case; the reason is that 


in quantum electrodynamics we have to do with a vacuum field A,, with | 


1] A. =0, satisfying the commutation relations (2.6) even in the absence of 
charges. The contribution of the vacuum field to the surface integral is 


Af (a) = 1a" { | Ve(s y) tau) i —D Ay)|as, (2.18) 


dn dn 


which we still write as hss supposing the rest of the surface integral to be 
treated together with the volume integral in (2.18). 


7. Gustafson’s method. Applications to self-energy problems. In quantum- 
electrodynamical calculations the equations have to be treated by some ap- 
proximation’ method. As a rule the possibility of an expansion 


y= yp) + pl + pe) +... (2.19) | 


is assumed, y™ being proportional “ the nth power of the perturbation para- 
meter (~e). According to Aap ae Ae will then be represented by a series of 
the same form in which 4 =e AS 1 is obtained as the volume inte- 
gral in (2.13) with pty, y in the integrand, etc. In this way we arrive at 
Gustafson’s formulation. 

Using i =c=1 we can write y® as 
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lls PEE Df an @B) en (B) en,” (dp)? (2.20) 


{an (DP), Om (P')} = Onmd(p — Dp’). (2.21) 


The index n labels the four states belonging to a fixed momentum p (n = 1, 2 
corresponding to positive energy and n = 3,4 to negative); up (p) is the cor- 


> 


responding Dirac spinor. Then ee is obtained in the form (cf. Eq. (2.28)) 


Aj” (x) = 


ss é iy ie Vis et (Pn-Pm,®) , 
= Eo (22) pa a J fan On (thn Oy tn) (Pn — Pm Pn aPe) a (dp)dp), (2.22) 
n ™m ‘ 4 ; 


where we have used the abbreviated notation w= Un(p), Un = Un(p’), ete. 
The Fourier resolution of the vacuum field ay _ Ais 


—3/2 3 
A, (x) = QD | A, (bf) + AD (he) ent ED (2.23) 
V2 k 
where ky =|k| =& and 
* 4 k WS Spal 
[Au (k), As (k)) = gu 0 FF’). (2.24) 


The commutation relations (2.24) and (2.21) are equivalent with (2.6) and (2.7). 
The solution y“ of the Dirac equation 


(- 1 Oy ae Sa) m| yh). == — @ A, a’ yO (2.25) 


is obtained from (2.20) and (2.23) as 


yp (*) = 
= ° 3 +> > 
= Be Le |g on(i)| 4s (tot EA GO TE)* BM soyti 4 
2 n N> 
«(py Pro h + a (DE) + Bm Hon) "Un(p) (2 
| + A; (k) Sh ev a” Un(p) (2.26) 
_ (for a= 0). 


The effect of using analytic continuation can best be illustrated in the 
example of the self-energy of the electron. We shall here give a summary of 
results obtained in the lowest order of approximation that does not vanish 
identically, i.e. terms proportional to e?. By analogy with the ordinary ex- 
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pression! Gustafson defines this approximation of the self-energy as the ex- 1 
pectation value of half the interaction term in (2.15), or, if for the moment — 
we leave the order of the factors out of account, 


W = cont, i p* ap AO (day (2.27) 


calculated up to second-order terms (see further the end of section 9). _ 
In one respect the definition of (2.27) that would follow from section 6 — 


deviates from Gustafson’s, for whereas Eq. (2.13) gives AG as Ash + AP, all 


earlier calculations have used the simpler form Ae — A’ Ne Aw. In his first | 
paper on the a-method, Gustafson” proved that the term in (2.27) containing 


Aes finite, in fact equal to zero, if the retardation is neglected in the 
calculations. A finite value was also obtained for the corresponding term in 
the theory of the interaction of a nucleon and a scalar meson field.* To avoid | 
divergences arising from the vacuum fluctuations A, the hypothesis of negative- 
energy photons had at first to be employed, but as already mentioned Gustaf- 
son could later show* that this is unnecessary if the Dirac equation (2.25) is 
also solved by analytic continuation; the value of the resulting term Wauct in 
(2.27) is, on neglecting the retardation, — 5 sme (for 2) = 1/47). 

In [I] the same calculation (the retardation neglected) has been carried out 
on the basis of the hole theory for the electrostatic self-energy of the electron, 
which was shown still to diverge logarithmically, as it does also in the ordinary 
theory.” A generalization was given in [II]: all logarithmic divergences remain 
unchanged in the a-method, all other types of divergences being elaminated. In [II] © 
full account was also taken of the retardation, with the result that the total 
self-energy of an electron at rest was obtained as zero on the one-electron 
theory, i.e. in this case Wenct = 0. 

The same value resulted from a calculation by Serpe®, who also pointed out 
the necessity of using a Hermitian combination in (2.27) in order to avoid 


imaginary values’; he employed the symmetrical arrangement } {y* a y, Ae Me 
The fact that the expectation value of cont p* ay Ae proves to be imaginary 
a=0 


shows that A does not commute with y* ay or with y, not even in the 
limit a=0. We shall come back to this question in section 9. 


Cf. Wexissxopr [1], [2]. 

GUSTAFSON [1]. 

GuSTAFSON [2], [3]. 

Gustarson [4], [5]. An erroneous factor has crept into the end result in the first of 
these papers and is corrected in the second. Cf. also [II], foot-note (iz). 

: WEISSKOPF (1] (erratum), [2]. — The notation ‘logarithmic divergence’ etc. of an ex- 
pression, supposed to be written as an integral over momentum space, refers to the be- 
haviour of the integral as a function of the upper limit K (if the integration is first ex- 
tended over a sphere of radius K, where K —> co), 

° Serre [1]. 

: The same imaginary value as Serpe obtains without symmetrization, SERPE [1] Eq. (31), 
ne [II] contained in the contribution from the term da_,/dp, § IV A. See further sec- 
ion 9. 
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In these applications the term Wect has been worked out using analytic 
continuation in solving the Dirac equation. This amounts to replacing y™ in 
the interaction operator by an ‘a-solution’ yO, which, with the definition 
used in [II] § I, can be obtained from (2.26) by simply raising the denom- 
inators in the bracket terms to the power 1 + a/2. We shall verify in the 
next section that the same result for Winct is obtained from the formalism in 
section 6, i.e. by introducing AG in place of A, into the interaction term in 
the Dirac equation. 

The question of the logarithmic singularities will be taken up again in 


Chapter IV. 


8. Supplementary calculations. In this section two additions will be made 
to the exposition in [IT]. 

The first concerns some purely formal difficulties in [II]. In evaluating an 
integral like ip Ver? (x — y) &™ (dy)*, which is not properly convergent for any 
value a, we had there to fall back upon the definition of oscillating integrals?; 
that, however, may be considered quite a natural procedure. Then® 

ei K, w) 


i} Ve? ( — y) &GN (dy) = K Kye : (2.28) 


‘A more serious difficulty arose in the subsequent integration over momentum 
space (integration over p, if K = p—q with q fixed, [II] Eq. (3.4), since the 
values of a necessary to make the integral converge for infinitely large mo- 
menta might well bring in new divergences, without any counterpart in the 
case a= 0, at other points (for (K, K)=0). The device used in [II] for getting 
round this singularity consisted in a cutting-off procedure for a > 0 (see e.g. 
[IT] Eq. (8.5). 

In spite of the seemingly arbitrary character of such cut-offs it should be 
stressed that the difficulties are only formal and can easily be avoided in the 
ways indicated in section 4: either by using an initial surface S or by modi- 
fying the kernel; the former procedure was also used in Gustarson [1]. The 
form (1.26) of the kernel (Vins for instance, will cause the denominator 
(K, K)!+*? in (2.28) to be replaced by [(K, K) + a?/I}'**?, thereby avoiding 
the singularity at (K, K) = 0; cf. section 21 and [II] § IV. Of course the ex- 
pressions obtained from such more elaborate prescriptions will be rather un- 
wieldy to handle in practical calculations as compared with the simple cut-off 
used in [II], though the effect is the same; it may therefore be sufficient to 
establish the formal character of the difficulties and to see how they can be 
overcome by rigorous methods, in order to get a justification for adopting the 
cut-off device. 

In the second place we need to verify that the use of Aye instead of A, 
in (2.25) and (2.27) causes the contribution to the self-energy from the vacuum 


1 An oversight in [II] should also be pointed out: the numerator in the second term of 
Eq. (4.1) should read — pp + m and not po — m. 

2 Cf. Pauut [3] § 6 (b) (p. 202). 

® See [II] Eq. (2.5). When (K,K)<0 the branch is determined by (K, K)—-1—-¢/2 = 
= —|(K, K)|—-1—-e/2 ete2/2 for Ky > 0, the sign of 7 being reversed if Ko < 0. 
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fluctuations of the field to be convergent, and more exactly to vanish, as | 


in [II]. 
According to (2.23) A, 1s of the form 


A (x) = f [U (k) &*” + conj.] dk)’. (2.29) 


We have thus to form a function uw as in (1.9) with w= e'*, (k, k) = 0. 
If the surface S is chosen to be the plane yp = const., the normal derivative 
occurring in the integral is d/dn =0/0y,. Putting x —y—z in (1.9) we get 
(withieny =| =) 


a+2 
ub) (30) = oils) i |- Vet? (z) e125 + ee en ilk | (dz)®. (2.30) 
20 
With |2|=~7, we have for r < 2 
i 2 
(2.31) 
at2 — Ss 
OVP (a) = (08) ping Saget 


0 2 H (a + 2) 


We further write e~*(**) = ¢tk%e-tkrz, so that (dz)? = r?drdtdq. The integra- 
tions in @ from 0 to 2% and in t from —1 to +1 can then be performed 
immediately, yielding 


. 47 Z <—2 <-1 
(a) SS (k,) 5 ae BEES) \ye0 (52 Ser 2\ 2 n/c ONO : 
u (x) =e moe 2) 7. (% re) 1 (% —?") | 
0 
‘resin krdr-e** (2:32) 


which on insertion of the expression for H (a + 2) and evaluation reduces tot 


—a/2 = 2 
ul) (x2) = elk) Z | ee [Ja—1 (kh %) — tJ a+41(k Zo) beh ar Vi(2aa) 
ri + 4 eae : 


As a>0 the factor after e’™*) tends to unity independently of z, as it 
should. If this factor is written F.(k, 2), A@ becomes 


A) (x) = 15% [ [U (k) Fu (k, %) e%*) + conj.] (dh). (2.34) 


_ Here % =%—Yo, and thus F, varies with x if yp is fixed. It will mean 
simplification, however, if we make a departure from the strict Riesz method 
by defining A“ (x) in such a way that the difference Lo — Yo 18 kept constant; 


* For this and the following formulas involving Bessel functions see e. g. N. NIELsEn, 


Theorie der Cylinderfunktionen (Leipzig 1904), or G. N. Watson, Theory of Bessel Functions 
(2nd ed. Cambridge 1944). 
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that is to say, we let the surface S depend on the field point x! The first 
approximation yw satisfying (2.14) is then evidently obtained from (2.26) by 
replacing 

A, (k) > 1) Ay (hk) Fa(k, 2%), Ay (hk) > 15° AS (hk) F% (k, 29). (2.35) 


In forming the expectation value < i: yO* at yO A (dx)®) for an electron at 
(a) : 


rest — with the supplementary condition a “-|> =0 taken into consideration 
Lu 


— one is now led to expressions of the form 


[ Bak, 20) PE (he, 2) k” dk (2.36) 
6 
(here in fact with n=1). Since 
* Zs 
Fg (k, 29) E(k, 2) = 5 Set" [Tua (zg)? + Juei(b2)"], (2.37) 
ri + ;) 2 ee 


we have then to consider integrals of the type 


ee? Led qg 
cos q 7/2 r(n- 9 )r( D )r( ;) 
9 qal2 gita xe 
eS r(p+ 254) 


for g=n+1—a, p=4(a+1) (convergence for n>—1,a>”+1). The 
sum for p=} (Gis 1) and p=4(a+1) is easily simplified by using the ele- 
mentary properties of J-functions; thus 


[i Jp (kam)? dk = (2.38) 
0 


oo 


Hee (i320) EF (h20) kdb = 
0 


sin (n — a) 2/2 r( 2 
2 
gta r(1 + 3) (n+1—2a) P(a—" 5] 


— z2a—n—1 
= 2 


so that 
cont [ Fa (k, 2) Fa (k, 2) k* dk =0 (for n >—1) (2.40) 


a=0 9 
irrespective of the value of 2. 


1 It might seem more satisfactory to let S be an hyperboloid surface R = const., the ex- 
pression for A(2) then being relativistic; but the very relativistic character would destroy 
the possibility of eliminating divergences with the help of A(@), since the dependence of the 
surface integral on k could then only involve the invariant (k, k) = 0; ef. Chap. III and 
section 28. It is therefore rather natural to treat the vacuum field by itself and to remove 
the divergences by using analytic continuation in solving the Dirac equation, as proposed 
by Gustafson. — The end result (2.41) would be the same for a fixed surface S. 
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In particular we get the desired result 


Wanet =) (2.41) 


also from this calculation. 


9. Consistency questions. We have postponed till now a discussion of the 
problem raised in section 6 about the consistency of the definitions used for 


energy-momentum quantities; the requirement was that Eq. (2.16) should be | 


fulfilled. We shall here verify, taking the simplest example of an electron at 


rest (no external field), that the expectation value of the left-hand side in 


(2.16) does indeed vanish in the lowest significant approximation. 
According to Eq. (2.17) and the discussion following it, it is then necessary 
to make a comparison between 


0A” ” 
€o f A Gs fe and a g ‘o y" uP 0 Noe a 


Using perturbation theory up to second-order terms, and dropping terms whose 
expectation values vanish, we have 


a (a) (a) (1) (@) 
co) A ae = | Ao, ae a fe Aro, a I (2.42) 
Frerrnecah © 
a y” Y, 0x" J 5, 
f A (1) { (a) 


a ee Teles eget 


(a) (1) ; . ; 
A,” is given by (2.22); for convenience we write down the expression again: 


—a 


x 


AQ® (x) = 


(umn Ay Un) . 


‘ , 
e (Pn-Pm, a) 


| (Pa Pus, Papa) tee| 


dp) (dp). (2.44) 


Therefore 


& LAG =e x e - (rare ay (Us * ay Ut) 


5 tt wr 
e' (vt —Ps x) 


- tt tir tt tir 9 d “is d i > 2.45 
Gra pp pry r") (a0), (2.45) 
from which a a a y is obtained by putting a=0. Now the expectation 
value of as “Qt Im Gn in a state representing one single electron (of momentum 
q eh spin coordinate 7) vanishes unless p” =p, p” =p’, and s=n,t=™m; 
in fact 
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(as (p'") ae (Dp) din (D') dn (B)> = 
= Snr dsr im 5 (p — G)'" 5 (p'” — G)'#6(Bp" —p’). (2.46) 


The expectation value ‘of the first term on the right in (2.42) is therefore seen 
to differ from the corresponding term in (2.43) only by 2a taking the place 
of a. Strictly speaking this is not quite true, for when the scalar product in 
the denominators of (2.44) and (2.45) is negative, the factors e’“7/? and e7t#7/2 
will cancel in (2.42) (according to note 3 on p. 389). However, owing to the 
symmetrization in (2.43), it will not make any difference in the results if we 
there replace e+'«*? > 1, and then the agreement of the first terms in (2.42) 
and (2.43) is complete but for the interchange 2 a-—- a, which has no influence 
on the continuation to a= 0. 

The comparison between the second terms in (2.42) and (2.43) is not so 
straightforward, and we shall not here enter into details, contenting ourselves 
with the remark that no real difficulty arises if a boundary surface S is used 
in the calculations.* 

It remains to investigate the second term in (2.17), which may be written 


Re ritiny ie) oe) a d4,\ | e aries |- 
eos FRO fs V age? 


elame oA” 
ay aoe 2. 
+ eles | ey (2.47) 


According to (2.17) and the considerations above, we have then to require 
that the expectation value of the last two terms in (2.47) (or their integrals) 
shall vanish for a > 0. In the ordinary theory that follows immediately, since 
A, and its derivatives of the first order commute with y at the same point; 
here, however, a special investigation is needed, for A and wy certainly do 
not commute for a> 0 at any rate. Indeed it was pointed out in section 7 
that they cannot commute even in the limit a= 0. 

To see this explicitly we turn to the commutator 


[y(y), AS? (x)] with yo =a. (2. 48) 


Using the expressions for y® and AO” Bas. (2.20) and (2.44), and further 


the commutation relation (2.21), we can first form [y®(y), 4\”™’ (x)], which 
after some calculations can be reduced to 


[vy (y), AMY (x)] = — = hid » il (dp) An e' Pn”) >; | (dp') uy Uy* Gy Un* 


e 
&y (20) 


ei (pr, y-) 


; ; 2 (2.49) 
(Pn — Pr, Pn— Pr) 


1+a/2 


1 Otherwise complications are caused by the fact that Ags satisfies an equation of the 
type O u=expi(k, x) with (k, k)=0. 
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- ao mae i (dk) ik(y—@). 
ee ae cee aol (dp) ) ane (Pn, ¥)- ihe (pe —(pk)]it+e? - 


- ke (kat pa+mB + E(p+k)) Ba (p, be? — 


—(katpat mB — E(p +k)) Ba (p, &)!+?] a, un (D) 


(cut-off for small values of & when a> 0; see section 8) with 
E(p) =| po | = (p? + m2)" (2.50) 

(i.e. Pno = E(p) or — E(p) according as n= 1, 2 or 3, 4) and 
Bi (p, BE) = B(p) + DE + E(p + b) Pao. (2.51) 


For pno>0 we have (B, )i+e? Se KBs [a+al2 etian2 while (B, ite? | 
—|Bn Pie mad when gyno < 0 (see note 3 on p. 389). In (2.49) & has been 


written for p’ —?, which puts the expression in a form that can easily be 
compared with [y" (y), AW (x)]: 


ea é Orn bs tas : : 
v" (), A == Baynlo 2 iE (dp) dn elm): 


; (dk) (i (y-2) : 
dl Re Say #).(F,, Ft). (2.52) 
| E (p)? k? — (pk)? \ 


(kat pa+mB + pno)-2Pno +2 p k] ay Un (H) 


(cf. (2.34), (2.35)). The sum of (2.49) and (2.52) gives the first-order ap- | 
proximation of the commutator (2.48); if a is set equal to nought in the — 
integrands the sum vanishes. 

However, when the calculation is performed by analytic continuation, the 
result is zero only for y#; if the fields are considered at the same point 
we get finite contributions from those terms in the integrand of (2.49) which 
behave as ak—!—¢? for large values of k. Thus ; 


(v=), Ae (ay)=— © Fae [ (da) an (5) Om) fn (B) arin) (2.53) 


with a non-vanishing matrix function f,(p). If, for example, we take out the 
term that is of importance for an electron at rest (p = 0, pao = + m), we find 
on writing (dk) =k? dkdqw and expanding in powers orl /k that the k-inte- 
grand in (2.49), for large values of k, can be expressed as 


1lj+=- 1am tanm 
—(k 2 + a, 8) | R22 
lke + mp)! ar ay me 20 (1/h)| = 


: vam k | . tan 1am mM is 
|- eres (2 ta + 9 rw + aO(1/2)| a2 + O(g2), 


(2.54) 
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which gives 
fn (0) = —2n?1(1+28)m fore. 2% (2.55) 


This follows by integration of (2.54): bdo [dk ..., the terms in (2.54) not 
K 
proportional to a being cancelled by corresponding terms in (2.52), and the 
contributions from c dk ...by the same integral in (2.52), when a > 0. 
0 


In the same way we may write 


0A, i! seit ee Er 
|» (x), ao | a = Teae | @2) an (Dp) en”) fru (DP) dy Un (PD) , (2.56) 


with another function fnu(p). By a similar calculation to that outlined above 
one finds that fn, (0) vanishes for “0 and is proportional to az for u =k 
(= 1, 2, 3); therefore the expectation value of the last two terms in (2.47) is 
seen to vanish (because of un (0) a” az a, Un(0) = 0). That is the result we wanted 
to establish. 

The imaginary form of f,(0) shows that the self-energy operator (in the e* 
approximation) can equally well be defined as half the interaction term in (2.15), 


W = cont 5 { yp" a’ AW p (da), (2.57) 
or as 
W = cont [ {y* a’ yp, A} (da); (2.58) 


the expectation values are the same.’ In the last expression ey* a” y may also 
be replaced by é () A’ (as in the beginning of this section). The equality 
of these expressions gives a justification for using the simple form (2.57) or 
(2.58) instead of the more complicated expression that would be obtained by 
forming the expectation value directly of H in (2.15). 

That the form (2.27) is not correct then follows from (2.53) and (2.55). We 
may check (2.55) with Serpe’s imaginary value for (2.27). Thus for w=0 


— cont g | vias? (dz) = — cont 5 [ v4 ya) — 


a=0 a=0 A 
$f vty ddd). 2.59) 


The expectation value of the last term for a state with » =0, spin variable 
7, 1S 


rie a) (1) - 
1 Note that if (2.57) is used the contribution from the term containing Ae) ) is auto- 


matically zero, owing to the changed order of the factors; only the vacuum fluctuations 
Au will then come in. This indicates the formal nature of the decomposition into W,,, Wg), 


and Waycz,, used roy, (MUU E 
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e 1 ee oe _ 
Sf vty Alda = go gap DD | [ errr Ken a@)>- 


: (uh, @') fn B) Un B) ll efPn— Pm) (der) = (2.60) | 


. 


: 2 
oP aa ick e 2n*4 3 em. 


meee Qa)" UREA he 8 é Gatto “a8 Ages? 


which is the same expression as in SerPE[1] Eq. (31) (for ¢ =1/4a). (In 
(2.60) we have used 


aa) se =a el i 8 — = 
(ain (D’) dn (P)> = Omr Snr 5 (p')"” 6 (p)"”, aap | o-7 )e (dz) = 6 — p92 


10. Remark. Even if the non-commutability established in section 9 does — 
not destroy the consistency of the scheme (in the case we have investigated), 
it may nevertheless be regarded as an undesirable feature of the theory; 
for instance, a reversal of the order of the factors in Eq. (2.14) will change 
the equation. Now the fact that quantities like A,(x) and w(x) do not com- 
mute at the same point when analytic continuation is used as above is a 
consequence of the formalism not being Hamiltonian for general a’s. If we 
could give it a Hamiltonian form, such complications would be automatically 
eliminated. That task will be undertaken in the next chapter, where we shall 
see, however, that the relativistic character of the theory cannot then be main- 
tained for general a’s. 


CuHaprer III 
A Hamiltonian formalism 


1l. Preliminaries. In the last section the desirability of making the a- 
continuation method into a canonical scheme was pointed out. Such a scheme 
has been proposed by Pauli‘, starting from a many-time formulation of quantum 
electrodynamics” in which a configuration space is used for the electrons, the 
state vector being a function of the position vectors and spin variables of all 
the particles; the formalism can be obtained from that in section 5 by a ca- 
nonical transformation. For every electron one then has® 


h 0 e 
k ty 35 + mop + <A, (a) at | |2)=0, (3.1) 


the electromagnetic potential vector satisfying 
1 See [II] § V. 
» Drrac-Focx-Poporsxy [1], see also WENTZEL [2] § 18. 


5 The notation for the state vector, Dirac’s ‘ket vector’, follows the 3rd edition of Dirac’s 
book (1947), Drrac [5] §§ 20, 79. 
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As a generalization of (2.6) one has! 


[Au (*), Ay (y¥)] = — hos D(x —y), (3.3) 


and the supplementary condition (2.9) is replaced by 
0 A, (x) € 
[ — YEde@—a||s>=0, (3.4) 


the summation being extended over all the electrons (sz =2”, 2” ...). 
Pauli’s proposal amounts to modifying the commutation relation (3.3) in a 
certain way by letting the commutator be a function of a parameter a, after- 
wards making an analytic continuation to a—0. Since the connection with 
the Riesz method is not immediately apparent, we intend here to approach 
the problem from the other side, by going back to the classical theory and 
modifying the Riesz kernel, after the manner of section 4, in such a way as 
to make it suitable for a Hamiltonian formalism. It will turn out that in this 
way one is again led to Pauli’s formulation, in a somewhat generalized form. 


Classical theory 


12. Hamiltonian form of the equations of motion. We begin with a short 
exposition of a formalism due to Dirac? intended to put the equations of mo- 
tion into Hamiltonian form. With the position four-vector of the electron de- 
noted by z= 2/(s) as before, a relativistic Hamiltonian for the electron is 
introduced : 


1 é e 
= +-A(z), p+-A(z + mee. BS) 
G(0) = 52-|(p + 24), p + 24(@) (3.5) 
A,, is in our case to be a generalized electromagnetic field potential depending 
on a parameter a. The equation of motion of a quantity F that depends on 
s is to be a consequence of the relation 


dF 
rie [aes Ge, (3.6) 


where the right-hand side denotes the Poisson bracket of F and G. In the 
presence of many electrons, variables s,, s,... are introduced and in the same 


manner G,, G,...; an equation of type (3.6) will then hold for the dependence 
ot & on each Sp. 


1 D(x) is the invariant D or 4 function of Jordan and Pauli. Different conventions are 
used in the literature with respect to the sign and the normalization; here we adopt the 


1 ; = 
definition D(x) = Ee [6 (ap — r) — O(a + 7)] (with r= |@]). 
2 Drrac [2], [4]. The formalism is also to be found in Dirac [5] § 78. 
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Values of Poisson brackets: 


[Zu 5) 2y| = [Du ? pv] = 0 ? [Du » 2] te Juv ? (3.7) l] 


[Gee (3.8) 


The Poisson bracket of two quantities referring to different electrons vanishes. 
Putting F in (3.6) successively equal to z, and p, one obtains 


motu = Pu + © Ay (a) (3.9) 
and (using (3.9)) 
2h Pale é 0A, (z) OAy (2) | i eee c Aa 1 
ee | O28 Og: Mette ple ee” 


It follows from (3.9) that G(s) has the value zero; as a general compatibility 


condition one has to require, in a many-electron problem, 
[Gini Ga 0s (3s Li) 
With F equal to A, (x), (3.6) gives 


dAy(x)_  @ s(» mee = AY (s )) [4 (x), A, (z)] = [Ap (x), A,(z)]2, (3.12) 


ds mc 


that is, 


<5 fave z)Ju’ds + Ay (x) (3.13) 


with A, independent of s; this term gives the effect of other electrons and of 
an external field. 

The integral in (3.13) is determined if we have defined the Poisson brackets 
for the field. In this definition we deviate from Dirac, since we want the 
new field A,(*) to be as closely equal to the Riesz field (1.11) or (1.30) as 
possible. We write formally 


C 
[A, (x), A,(y)] = — ey ft” D* (x — y), (3.14) 
so that, if 4, =0, 
% (8) 
ye Pra 3) — ya a9) Gh me (| D* (x —#) dz. (3.15) 
0 


Comparing with (1.30), we may tentatively put D(x) equal to V<(x )— Ve(— x); 
that such a combination must be used follows from the fact that D*, accord- 
ing to (3.14), has evidently to be an odd function of its argument: 
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D¢ (x) = — D* (as (3.16) 


The field A,(*,s) would then bear the same relation to A\’ (x) as the 
Wentzel field’ to the ordinary retarded field. However, we have to satisfy 
ourselves whether such a choice of D* would not give rise to contra- 
dictions. 

We may first remark that, if Eqs. (3.5)—(3.8) and (3.14) are regarded as 
the fundamental equations of the theory, one has still no field equations for 
A,, since A, in (3.13) can be any function of x. To complete the formalism 
it is necessary, just as in Dirac’s treatment, to add field equations (e. g. 
[] A, =0) and some further condition on the solution corresponding to the 
divergence relation (1.35). 

From (3.15) we get, as a generalization of (1.35), 


ACN ene 
ie ee) (3.17) 


In the presence of many electrons the right member is replaced by a sum 
over the particles, so that 


a (a ae (3.18) 


Since §i has not vanishing Poisson brackets with all other quantities, (3.18) 
cannot hold as an identity in the Hamiltonian theory. But 


[Nt (x, s), &(s)] =0, (3.19) 


and therefore St is a constant of the motion, which may be given the value 
Zero. 

According to Poisson’s theorem, the Poisson bracket of R(x, s) and 3i(y, s) 
is then also a constant of the motion. Explicitly we get 


Sue Mees 


D* (% — 3.20 
a7 Dey), (3.20) 


0 
[he (x, s), Hy, s)] ~ Oay 


which is in fact independent of s. But evidently this new constant of the mo- 
tion cannot be chosen equal to zero unless D* =0; and if we want to 
carry over the formalism into the quantum theory, where a commutator takes 
the place of the Poisson bracket (cf. Eq. (3.56), Eq. (3.20) will then lead to 
-a contradiction for other values of [J D%. For the supplementary condition 
on 3% that it should be zero will there correspond to the state vector being 
chosen in such a way as to be annihilated by the operator Jt(x) for all points 
x, and therefore by the commutator of Jt(x) and W(y), too. 


1 WenvtzEL [1] I. See also foot-note 2, p. 397. 
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We thus require that i 
[] D* (x) = 0. (3.21) 1 


It is then possible to choose i 
(aA) (ans) 10 (3.22) 


as the field equations for A,. This is satisfactory because Kq. (3.22) should in 
any case hold for our generalized field when a= 0, the current term in Hq. 
(1.3) being taken account of by the dependence upon s. 


{ 


13. Determination of D*. To fix the form of D* we have to make use of © 
Eq. (3.21) and of the further condition that it should behave somewhat in the 
fashion of the generalized Riesz kernel V* (x) — V*(— x). It will be convenient 
to choose another normalization of the parameter, so that 


DE x) FV (4) Sa V 2% (re), (3.23) | 
where, from (1.25), V2" is of the form 


V2 (x) = — R (x)?! wee (x) (3.24) 


inside the direct light-cone from the origin (R > 0,x > 0, R being the square 
of the Lorentz distance), vanishing outside. 

It is easy to see that Eq. (3.21) cannot be fulfilled with we. depending 
only on the invariant R, and so D* cannot be relativistically invariant for 
general a’s. Moreover, Eq. (3.21) shows that if D* is written as a four- 
dimensional Fourier integral, it will be of the form 


(8) = Gap [AP a (B) o(R) 6 (kh) (aks (3.25) 


le. it gets contributions only for (k,k)=0. The factor in front has been 
chosen in anticipation of later results’, and the factor ¢(k) = sgn ky has been 
introduced in order that the simple relation 


Ga (k) = ga(— k) (3.26) 


may ensure the validity of Eq. (3.16). 
From (3.25) and (3.26): 


“ be Baa OMe 5 (ky — k) + 6 (ky + i 
D Cee et (ak) | dk et (hs x) gy, (Ke) ( 0 a ( 0 be) es 
. (3.27) 
iz it ——— (dk)* 


1 For Jn, = 1 (3.25) gives the ordinary D function, note 1 p. 397, 
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Here k=|k|, and in the last member ky stands for the positive value 
ah 

Obviously ga (k) cannot be a function of the invariant (Kok) == Ostlie 
simplest choice is then to take it as depending only on the scalar product 
(l,k), l being a fixed time-like vector of length Ip say: Ja (k) = g. (I, k). 

To simplify (3.27) we employ a special Lorentz system in which the vector 
l coincides with the time axis, so that (I, k) = —Ighy = —Iyk. Then, with 
lx | =1, cos (k, 2) = 1, 


: (dk) _ 


Des) — os { eF # sin (hg 29) da (ly B) 


(3.28) 


1 


1 = ; 
= ae oF sin (K 2%) k ga (Ip k) | etrear= 
F : 


sl 


l loo) 
[oc (Ip k) sin kay sin kr dk 


22 7 
6 


or 
ro) 


D(a) =. i Ga (Ip k) [cos k (ay — r) — cos k (ay + r)] dk. (8.29) 


0 


If this expression is compared with (3.23), we find a fundamental difference 
in that D* does not vanish at all points outside the light-cone. We cannot, 
therefore, satisfy the relation (3.23), but we can attain that D* has essentially 
the same properties when a factor in an integral (as a0) by letting it be- 
have as the half of (3.23) inside the light-cone. According to (3.24) we then 
have, in the vicinity of the direct cone mantle, 


a 
D* (x) ~ 1, \% @) \“—? wee (x) = 1,'% —atltatbtoch Ate wee (x) = 
a a—l 
gees ey | fa(*), (3.30) 


where f,(x), of dimension />%, is 


2r 
fa(*) = (fo + rina 


W2 a (x). (3.31) 


Our earlier condition on wee (section 4, Eq. (1.29)) is translated into the same 
condition on fe: it is to approach unity continuously in a and in a, asa 0, 
%—>~r. Going back to (3.29), we see that w2a must here be chosen so as to 
make f, a function of |% —~7| only, which we may write 


fu(2) = Is he (* = ‘). (3.32) 
0 
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Thus in the special coordinate system defined above! 


so that, putting & = (% + 1)/Ip, 


“J da (lok) 008 (lo) (oh) = o£ he (6) (3.34), 


0 


(for € >0). By means of a Fourier transformation, 
ga (Ip k) =a { &-* he (&) cos (yk €) dé. (3.35) 
6 
Eq. (3.33) gives the right behaviour, for if we write 


D* (x) =~ | R(x) |"? wa (2), (3.36) 


then wz. tends to one on the direct light-cone and to minus one on the re- 
trograde cone, for a> 0. 

From the definition and our earlier conditions it follows that ha(é) > 1 
continuously as a > 0, > 0; further h.(é) = he(— &). To settle all convergence | 
questions at infinity we may also suppose that h.(&) tends sufficiently rapidly | 
to zero for large &s and for a> 0, in a manner that we need not specify 
here. Thus it will not be sufficient to choose e.g. ha(€) = 1, but we may take | 
it to be proportional to e~*5; the exact behaviour is not important because in | 
the end results it is only the form of the function for a>0, > 0 that plays | 
any role. However, the consequences of the theory will turn out not to be | 
uniquely determined by the condition fg (0) = 1; the derivatives at = 0 will | 
also be of importance. From the connection with Riesz’s method it would be | 
most natural to have the derivatives of wee vanish on the cone mantle, but — 
as is seen from (3.31) and (3.32) this cannot be attained. To fix the problem 
we may therefore lay down that ha(é), besides 


Ay (0) = 1, (3.37) | 
shall also conform to the condition 


d” ho (0 
oe =0 (n=1,2,3,...). (3.38) 


We shall not use this condition, however, until later, section 17. 


1 
1 Of. that uv = . [F (a) — r) — F (x) + r)] is the general form of a spherically symmetrical 


function which everywhere, also at the origin, satisfies u= 0. 
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In section 20 we shall also be obliged to make some assumption of how hy 
behaves as a function of a near a= 0. 

As to ga(Iok), it follows immediately from (3.35) and (3.37) (cf. the lemma 
(1.32)) that 


ga (lyk) > 1 for a0. (3.39) 


Moreover, if ha(€)~ 1 for small values of &, gu (lok) will behave essentially as 
(lo k)~* for large values of k. We shall come back to other properties of ga in 
section 17. 


14. Equivalence with thé Riesz method. Let us now return to the Hamil- 
tonian formalism for the electron. We have a theory holding for general a’s, 
but it is essentially non-relativistic because of the special part played by the 
direction of I. The non-relativistic character is also brought to light by the 
fact that D* does not vanish outside the light-cone (when a> 0), except on 
a three-dimensional plane through the origin orthogonal to J; only on this 
plane is the compatibility relation (3.11) satisfied. However, if we let ha (é) go 
down to zero for & greater than some value £), D* can be made to vanish 
everywhere except in the vicinity of the cone mantle. 

The canonical scheme given in section 12 is in so far incomplete that no 
Hamiltonian is defined for the field, only for the electrons and their in- 
teraction with the field. This gap will be filled in section 16. 

We have arrived at D* through a modification of the Riesz kernel, but we 
have yet to verify that the same results are obtained. To do this we make 
an analytic continuation to a=0O in Kq. (3.15), after first transforming the 
integral in the manner of (1.31). Writing the integration point as 2’ we have 
(from (3.36)) 


z4(8) 
A, (x, 8) = — — D* (x — 2) dz = 
” 2, (—) 
- 0z, 
beak ae, ‘ a—1 7, a or \eetes A 
=7554 | [Bl (x — 2) Ed B. (3.40) 
R(a—z) 


If x — =z is space-like, so that R(x — z) <0, this gives for a> 0 


en (02, 
Au(®)= 57-13 i} (3.41) 


as in (1.34). As before, the derivatives are also seen to come out correct at 


oints outside the world-line. ; 
r It remains to evaluate the analytic continuation of the field at the point = 


on the world-line. To this purpose we rewrite Eq. (3.40) by introducing 
t=s—s’ as integration variable: 
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hae, [rR (2 — 2')*-1 Wy (a — &) Up a T. (3.42) 
6 


The derivatives of this expression can be obtained by differentiations under 
the sign of integration. For a> 0 it is only the neighbourhood of t = 0 that 
is of importance, and therefore it is sufficient to extend the integral over a 
small interval (0, 7), in which we may assume the integrand to be expansible 
in powers of t. Further it is a consequence of the lemma (1.32), (1.33) that 
the analytic continuation of (3.42), as of all derivatives, is unaltered if the 
coefficients in the expansion are replaced by their values for a=0. We can | 
use this to simplify we. 
With 


lbE=%y—% +7, In=%m—% —7, Le. 2r=h(E—7N) (3.43) 


(where now r=|z—2z’|), we have from (3.33) and (3.36), and since 7 is here 
positive, 
1l—a Sle 
ee > 8) SIE 7 = eld) (3.44) 


—€ and y are both of the order of magnitude of t or of RV? (=the Lorentz 
distance): if w=|wu|, so that u2— uw? =1, we have according to (3.43) 


lo Gi (ing “rt HAM (Veet Noein cariamie)> 
(3.45) 
ly = (lo —w) BP (1 — a BI? + --), 


Using O(a) to denote a quantity that vanishes of order a at least (note 1 
p. 380), we then get 


Gi=8 == (6 Rat SOG) Rae pe Ola): (3.46) 
Finally he (&) and ha(y) are expanded in Taylor series: 


he (€) = he (0) # ER2(0) + -- 
=1+ Eh(0) + 425 (0) + --- + O(a) (3.47) 


etc. Then the numerator in (3.44) contains the factor — 1, which can be 
cancelled against the denominator. The result is that 


Wo(z—2)=I15¢R “TL — £&m ho (0) —§ En (E+ n) ho’ (0) — +--+] + O(a). (3.48) 
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Apart from terms that vanish with a, the successive derivatives 0 W. (z—2')/0z, 
etc. can obviously be obtained by differentiations of (3.48). Introduced into 
(3.42) the expression (3.48) gives, with 2&7 = R, 


fi a a 
=e ~2 ee 
A, (z, 8) aes ita Ea med Se (One | u.dt+O(a), (3.49) 
0 


which can still be differentiated under the integral sign (we have R=R(z—z’)). 
The first term is the same as in the Riesz method and thus gives the same 
value for a0; the higher terms vanish in the limit. This is true also for 


the derivatives. Thus, since 0R/0z’ = — 2(z, — 2}), 
0A * fis 
u (%; 8) Eee 2 Ws ae 3.50 
ay Save) © a i (2227) i ce Ola), (3.50) 


which, according to 


wu =u—ut+ diirr—---, 
B—@=ut—fur+--, (3.51) 
R=(1+ 4u?t—--:-) 
gives (for a= 0) 
0 A, (2) Cry, oe sh ie 
i iia are (diy Uy + 3 Up Uy + Uy Uy — 3 0 Uy Uy), (3.52) 


as does the Riesz method. 

It is easy to see that this equivalence is general, so that all derivatives 
coincide, the terms in (3.49) with ho, ... being unimportant for Car: 
This follows from the fact that a general term in the bracket expression in 
(3.49) is of the form 


-2 $ 
= on TO) eal egy chert 7) ee 


which because of the symmetry can be expressed as a polynomial in ?£y=R 
and I) (€ + 7) = 2 (% — 2): 


[n/2] im , 
Ds AIS Ie ee (3.54) 
m=0 


By differentiations with respect to the z,’s it is not possible to lower the 


1 See Ma [1]. 
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degree so as to make the expression proportional to t*~!, t*~*, etc., without 
introducing a factor a as a coefficient, and therefore the assertion becomes clear. 
We have thus proved the complete equivalence between the present formal- 
ism and Riesz’s method in the case of a classical point electron. In particular, 
the equation of motion (3.10) is the same as the earlier equation (1.18). We | 
may remark that though it was not necessary to postulate the validity of | 
(3.38), Eq. (3.48) shows that we get a closer agreement with the original 
Riesz kernel near the world-line (not outside it) if that relation is fulfilled. 


15. Connection with the j-limiting process. In the last section the connec- 
tion between the present canonical formalism and the Riesz method was stressed. 
It is interesting that the canonical form of the a-method bears also a 
close resemblance to the A-process. To see this we have only to return to 
expression (3.35) for g.(l,k), where the cosine factor is of the same form as 
in the A-process; insertion into D*(x), Eq. (3.25), then gives, on formal inver- 
sion of the order of integration, 


D(x) =af dfgthe()-4[D(e +E) + D(x—ED]. (3.55) 


Here £1 corresponds to the vector 2 in the A-process; and as a > 0 the values 
of lj =A that are essential in the integral will also tend to zero. From (3.55) 
it is evident that in all cases where the A-process yields finite values, the pres- 
ent formulation of the a-method will give the same results. In particular this is 
true of all field quantities on the world-line, which must consequently appear 
as half the difference of the retarded and advanced fields. From our compar- 
ison in section 14 with the Riesz method, it now follows that this method 
and the A-limiting process are equivalent in applications to classical electro- 
dynamics, as already shown by Mal. 

The usual expression for the D function in the A-process appears if we 
choose ha(é) = &-“6(& —a), which is of course not of the form required to 
get a connection with the Riesz method. Instead the form (3.55) corresponds 
to a certain averaging process (to be followed by an analytic continuation), 
by which the power of the method is increased? (see section 17). 


Quantum theory 


16. Formulation of the equations. Now that a Hamiltonian formalism has 
been developed for general a’s in the classical theory, it can be immediately 
transformed to the quantum theory by using the connection between the clas- 
sical Poisson bracket [A4, B] and the commutator [A, B] = 4 B—BA in quantum 
mechanics?: 


[A, B) quant aN [A, B|ciass - (3.56) 


1 Ma [1]. 
* The possibility of such a generalization of the A-process, by combining it with analytic 


continuation, has already been expressed by Ma (unpublished) 
* See Dirac [5] § 21. 
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The scheme of equations given in section 11 is then unchanged but for the 
D function being replaced by D*. Thus Eq. (3.2), _] Ay = 0, is the same equa- 
tion as (3.22) in the classical case, while the classical relation (3.14) is seen 
from (3.56) to correspond to 


the 


[A.. (*), Ay (y)] = — gue ig D* (x—y), (3.57) 
and Eq. (3.18) to 
OVA), (x jl 
bas a Sed e—s)| (3 == 0. (3.58) 


The consistency of the scheme follows from the corresponding considerations in 

the classical case. 

. It is easy to express the formalism in momentum space. We resolve A,, (x) 
into Fourier components: 


v 


Dy (a= (227) *? [ | 4. ei (hyn) + 4% Beten| ee (3.59) 


with ky =k, i.e. (k, k) =0, which corresponds to Eq. (3.2). The commutation 
relations (3.57), combined with the expression (3.27) for D*, then show that 


[Ay (K), AP (HY) = gun egal, BEB), (3.60) 


with other commutators zero. Finally, from (3.58), 


(2 2)-8? 


D eae ee” & —t (k, 2) at 
| A, (k) a V2 Jou (0, k) » Ep i | |z> 0, 


core (3.61) 
Eze (k) + ae 


ga (1, k) Deawe| fe). 


For the sake of completeness we give the expression for the Hamiltonian 
of the electromagnetic field (with the zero-point energy subtracted) for general 
a’s, formed in the same way as done by Pauli’ in the case of the A-limiting 
process: 


H® = é9 { [A* (ke) A (k) — Ao (hk) Ad (k)] ga(L, BY (dK). (3.62) 


From (3.62) and the relations 
(20) 2? he 


[A,, (x), Ae (k)] = Ju v caloun es Ju e! (k, a) 
(3.63) 
(2 Tia he fee 
[Ay (*), A, (k)] ov Jur V2 Eo Ju € nee 


* PAuLT [3] § 67 (a). 
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which are a consequence of Eqs. (3.59) and (3.60), we conclude 


ae) pr gdsinaih (3.64) 

4 OX C 

so that (3.62) is the correct definition. | 
The formalism being non-relativistic for general a’s, it is natural to use a |) 


one-time formulation in the presence of many electrons. If the operator in 
(3.1), with z, =2”, B = p™, etc., is written —iho/de + H™/c, we obtain 


after putting all 2 =z, in |z>—="|297 > 
evo Vert oe 
h b CN ee eet Sar: 3.65 
E Tee |e ; 2p) 0 ( ) 


The coordinate system employed should have its time axis in the direction of 
l, so that the plane z = const. is orthogonal to I (cf. the first paragraph of 
section 14 and section 25). 

The simplification of the equation by using the supplementary condition 
(3.58) or (3.61) to eliminate the longitudinal waves follows the usual scheme’ 
and need not be repeated here. The resulting Coulomb term (electrostatic self- 


energy) is proportional to the analytic continuation of the integral ft Ja (lo k) d k, 
iy 


and we are therefore interested in knowing the properties of g. as a factor in 
an integral. 


17. Properties of g,. Starting from the definition (3.35) we have found in 
(3.39) that gz >1 for a0. If the same expression is used again we find, 
on formally reversing the order of integration, 


[FP ga (lo k) dk = a f dE ha (E) [KP cos (In hE) dK = 
0 0 0 
= — 151-67 (1 + B) sin Po a feo th, (é) dé. (3.66) | 
0 


It is true that the integral over k in the middle term is properly convergent 
only for —1<,£<0, but with a suitable h, it is evident that we can choose 
a large enough for the first member in (3.66) to be convergent for an arbitrary 
fixed Pf > —1, as also the last member; since these two expressions are more- 
over analytic in £, they must be equal for every B > —1. 

We now want to make an analytic continuation to a=0. In the last inte- 
gral only the neighbourhood of = 0 is then important (the integral converges 
at €= oo, also when a=0, provided hz(&) = O(&~*) as > 00), and we can 
therefore write 


} Fermi [1]; see e.g. Pauttr [3] § 6 (a), WENTZEL [2] §§ 17, 19, or Drrac [5] § 80. 
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cont ifs 1-8 T'(1 + B) sin PF cont a fF 2h (dE = 


a=0 9 


= —l1,)-8r(l + pa he ) ° atn—p-2 
SEs B) sin > cont ee , ase Geen (3:61) 


or as is easily seen from the lemma (1.32), (1.33) 


cont ae (Ip k) dk = 


a=0 9 


1)” 
[ge (= 1 2"42) (0) LOR G12 7 el OS Oe, 


a (3.68) 
0 for other f’s > —1. 


To make the expression well defined for odd integral values of f we must fix 
the values of the derivatives of hj (é) at &=0. The simplest choice is to 
make them equal to zero, i.e. to assume (3.38). Then 


cont eee (Ipk)dk=0 for B>—1. (3.69) 


a=0 9 


This is in fact the relation required by Pauli, see [II] § V. 
The exact form of gz, is immaterial. Pauli’s proposal is 


flo’) SL UE ee 


= 3.70 

lene for hk <e. aly 
That ga behaves as (l)k)~* for large values of k, if ha(é)~1 for small &s, 
has already been remarked. We can obtain other possible functions ga by 
starting from a function h.(é) that conforms to (3.37) and (3.38), besides 
tending to zero more rapidly than é~¢ for € > oo. Thus with h.(&) =e~**/I'(1 + a), 


ie“) 


Ja (ly k) = eho, cos (lp ké)dé = 
i) 


a 


== C08 (« arctan a) (2 Pe 0?) 2998.71) 


Since it is desirable to let g. be a positive function of k}, it would be more 
convenient to use only the last factor in (3.71) (which determines the behaviour 


for large k’s): me 2\—a/2 
de (Ik) = (BRB + a)-2, ene 


1 Otherwise certain complications will appear in characterizing 4, (k) and ay (k) as ab- 
sorption and emission operators; cf. in the A-process the third edition of Drrac [5] § 79 
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However, this question is not important, because it is only the fact of relation 
(3.69) being fulfilled that has to be exploited in the applications. 

It is natural, from the discussion in section 15, that in those cases where 
the integral (3.68) is left ambiguous! unless the derivatives hf” (0) are fixed, 
the A-limiting process does not attain convergence at all. The fact that we can 
make (3.69) hold for all f’s (>—1) shows that the a-continuation method 1s 
more powerful in eliminating divergences than the A-limiting process. 


18. A further connection with Riesz’s integration method. The formalism 
developed in this chapter may be said to consist in a modification of the pure 
vacuum field ((] A, =0) by means of a parameter a. Now we had already 
made such a modification in section 8, where the vacuum field was treated by 
applying Riesz’s method to the Cauchy problem involving a (variable) surface S. 
As a matter of fact the expression Ae obtained there and our present A,; 
coincide if we let 


Ja (Io k) = 15° Fa (hk, Ip) Fe (h, Ip), (3.73) 


which is defined by (2.37). It is interesting that this definition agrees with 
relation (3.69), as shown by Eq. (2.40). 


19. Applications to self-energy calculations. We can now resume the dis- 
cussion left off at the end of section 16. It follows from (3.69) that the electro- 


static self-energy vanishes, being proportional to cont [ Jak"dk with n= 0. 
6 


If the equation for |=) is then treated by perturbation methods, the lowest 
approximation of the electrodynamic self-energy is obtained in the same form, 
with » =1, and so vanishes too. 

Thus, as in the case of Gustafson’s method, the value zero is found for the 
self-energy of an electron at rest in the second-order approximation (on the 
one-electron theory) when Pauli’s form of the a-method is used. Quite generally, 
Gustafson’s and Pauli’s formulations remove the same divergences, though the 
results need not always coincide, as was shown in [II]. 

The explicit calculation of the self-energy is to be found in [III] (where qe 
stands for our present g., M—=JI;') and is there also continued to the next 
approximation, of the fourth order in the interaction constant e. This ap- 
proximation turns out to be infinite, owing to the appearance of logarithmic 
divergences. It may be mentioned as a comparison that, using the assumption 


of negative-energy photons, Eliezer could make all higher approximations 
vanish. 


-SOf.sbhe non-uniqueness in Pomeranchuk’s method, PomMERANCHUK [1]. 


e aa {1]; a slight correction of a step in the calculation is given in EvrezER [2] 
ap. V. 
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CuHaprer IV 
Logarithmic divergences 


20. A modification of the scheme. Whereas the a-method could eliminate 
the divergences in the lowest approximation on the one-electron theory, the 
logarithmic divergences of the hole theory have remained unaltered. It was 
remarked in [II] that these can be removed too if Pauli’s method is formulated 


in terms of several parameters’ a,, a2, ..., with ge,. (Ip k) ~ > bn (An) (Ip k)~ en, 
n 


but the value of such generalizations is impaired by the fact that it is always pos- 
sible to choose by and ap in different ways so as to get quite different numerical 
results. However, we want to dwell upon a particularly simple formulation 
proposed by Riesz”, which can be expressed with the help of one parameter a. 
We shall here arrive at this formulation in the following way. Without ex- 
pressly saying so, we have up to now regarded a as an essentially real para- 
meter; at least it is evident that if A,(x) is to represent a real field for 
general a’s, the factor g, in the commutator (3.60) must be real. If complex 

values of a are allowed, we therefore write 

peice, he Ben eens 
[Ay (K), AF (BY = ger h Ge (ly B) 8 (B— B’) (4.1) 
with 

Ga (lo k) = & [ga (lok) + gi (Ip &)], (4.2) 


i.e. Gy is the real part of gv. Then G. is not an analytic function of a; in re- 
ality it depends on two parameters a and a’ with a’ = a*. We intend to show 


that logarithmic singularities of the type i dk/k are eliminated if the con- 
tinuation to a =0 is performed along a path which, starting from values of a 
with a positive real part, ends by approaching the origin along the imaginary 
axis. That is indeed the prescription given by Riesz. We shall indicate this 
type of path by the notation a+7-0. 

We first note that the properties of gz in integral expressions established 
in section 17 are unaltered by the new prescription. Thus it follows im- 
mediately from (3.69) and (4.2) that 


cont [ KGa kd b= 02 fort Pe ly (4.3) 


a-ti0 0 


Our earlier results are therefore unaffected by the change, in so far as they 


do not involve logarithmic divergences. ; 
To see the effect of using G. instead of ge in logarithmic expressions, we 


turn to the behaviour of an integral il gadk/k as a0. With the simple choice 
Ju = (ly k)~* for large k’s we find 


1 This formulation follows a proposal by Pomeranchuk for the A-process, PoMERANCHUK [1]. 
2 I am indebted to Professor Riesz for this suggestion. 
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@ ; ioe) K uss 
gat = f (gh) oe = OI 2 — hog (loK) + Ola) (4A) | 
: k ‘ k a 
K 
and thus 
: dk | 
cont | Ga (Ip k) ea log (ly K), (4.5) 
a>. 


since 1/a + 1/a* 0 when a approaches the origin along the particular path | 


a—>20. 
We shall not reproduce the calculation for the case that a more general 
expression for ga is used, of the form (3.35), only remarking that there may 


then come in additive terms from the behaviour of hg as a function of a; to 


obtain (4.5) one must require that? 


P01] ae us 


C being Euler’s constant. Another value of the derivative would only cor- 
respond to a renormalization of Jy in (4.5); the value must be fixed, however. 


21. Modification of the Riesz-Gustafson method. We can combine the 
prescription of the last section also with the formulation in Chapter II. For 
complex values of a we then have to replace 


Ve> 3 (Ve + Vor) (4.7) 
and correspondingly for Ae a is then to go to zero along the path a > 70. 


We may note in passing that for complex values of a the denominator 
[(K, K) + a?/I;]'*? mentioned in section 8 does not vanish for any real value 


of (K, K); therefore the kernel 4(Véi, + conj.) will take away the unessential | 


singularities that may appear when V@*? js used. 


22. Examples: Self-energy in the hole theory. As an application of the 
formalism in section 20 we turn to the self-energy of an electron at rest cal- 
culated on the basis of the hole theory. On specializing the units, 


oy eae (4.8) 
one obtains an expression composed of the two terms? 


* Cf. that, apart from the factor 2-¢, 1/H (4 + 2) in the Riesz method is of the form 


a 
aL Cane, 


Hee Cf. the corresponding expression obtained with the 4-process, PAULI [3] § 6 (b), Eqs. (191), 
2). 
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Oe cont ee Ne. a a (4.9) 

one ie 
te mM Gallo) sie = eae ab (4.10) 

Splitting up the first integral and using (4.5) we get 
apc ood fe P 5 
x dk Cede 
gone feet aye | Ge man * cons [ OE 
°° if 1 IK a Oe Me m?)'!2 

= / E (+ mod eae si EO Mi and) 


where the analytic continuation has been performed under the integration sign 
in convergent integrals. The value of (4.11), being independent of K, can be 
obtained e.g. by combining the first two terms and letting K > oo: 


i dk 
cont f Ga (ly k) (2 mye log oii (4.12) 


a>it0 


In (4.10) the contribution to the integral from the first term vanishes on 
account of (4.3); the remaining part is written 


dk tye _ 
Bon = soe | fo (2 + my aif Gel ee + me ab (4.13) 
0 


a—>i0 


Through a similar decomposition to that in (4.11) it is found that 


2 2 I 
cont { Ga (Ip &) (4? + my dk = 7 5 log ae (4.14) 


a>i0. 


Thus we get, on going back to electrostatic units (& = 1/42), 


2 2 
e mc lyme (4.15) 


Tiss = he x “2 re 
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e me{l ly me ‘| 1 
= + : 4.16) || 
Hayn he x E log 2h 4 ( ) 


This corresponds to a mass-change Am given by 


Am_ 3 “| 2h A 
m  2nhe Fiyme 6 


(4.17) | 


23. Examples: Higher approximations. Besides in the hole theory we have 
found logarithmic divergences in the higher approximations also in the one- 
electron theory, and one may ask oneself if these too can be eliminated by | 
using the special formalism of section 20. That is not the case, however, owing 
to the more complicated form of the integral expressions in the higher ap- 
proximations. 

Indeed Riesz’s formulation corresponds to writing 


Ga (Ip k) = ue bn: (Ig k)~% (for large k’s) (4.18) 


with two parameters a, and ag = aj and with b; =b,=1/2. That the loga- 


rithmic singularity in if dk/k is avoided by means of analytic continuation of 


f Gadk/k is a consequence of 


etre: Gn > 0. (4.19). 


n On 


If we use a general expression of the form (4.17), with Sb, >1 as ay, 
a 2,...— 0, it is found by repeating the calculation of [III] that convergence 
in the fourth-order approximation would require not only that the sum in 
(4.19) should tend to zero (or generally to a finite value), but also that the | 
same thing must be true of 


n 


Dn On Dn Om | 
gree tps (4.20) | 


On + Am’ n an On Am (an + Om) 


To satisfy these conditions we must use more than two parameters, and then 
the naturalness and simplicity characterizing Riesz’s formulation would be lost. 

Thus the method is not capable of coping with the difficulties presented by 
the divergence of the higher approximations. 


24. Examples: The level shift — non-relativistically. If the electron is 
treated non-relativistically, the problem of an electron moving in an external 
potential field is characterized by the Hamiltonian 


t irre =. 
H =H? + = (p +eA??+V=H°+W (4.21) 
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with 
Da 
He Hee ee be tas (4.22) 
w= 25 4(+ A ; 
~ m> 2m (azo) 


The units have been chosen as in (4.8); p =p, (r=1, 2, 3) stands for the 
operator —70/0z, and A = A,(z) is the (transverse) vector potential of the 
radiation field (with Hamiltonian H*); V =V(Z) is the potential energy. 

If we let |) denote an eigenvector of H® — H¥ belonging to the eigen- 
value #,,, the second-order correction to Ey, coming from the perturbing term 
W is easily found to be, in the present theory, 


(dk) <n| pre® *|1<1| peem** * |n> 
A En = Bae oO, a Ors s 
cao | @ Gud cae (4.24) 


(analytic continuation to a= 0); drs = drs — Nr Ns if Np = ky/k. 


For a free electron (4.24) diverges logarithmically! for G,=1. Using ana- 
lytic continuation according to Riesz we obtain 


Se p. Am 
A E(B) = 5 log (21) m) sone = en (4.25) 


for a free electron of momentum p. This would correspond to an experimental 
electron mass 


2 
me=m + Am =m|1— 35 log lym) |: (4.26) 
If the electron moves in a Coulomb field, V = — Ze?/r, expression (4.24) 


~ can be written in the form 


A En = AE. + Eh, (4.27) 


where the first term is the same expression as (4.25) but with p?/2m replaced 


by <n|p?/2m|n>=—E,. As is easily seen, the effect of this term is to 


substitute the experimental mass m- for the mechanical mass m in the expres- 


sion for the undisturbed energy levels, 


Vie 
APT 


En = aie 3 (4.28) 


The observable effect of the influence of the radiation would then be given 


by the second term, A£;,, which converges also without using analytic con- 


 tinuation. 


1 WALLER [1]. 
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However, in the integration over k in (4.24) one gets outside the range of | 
validity of the non-relativistic approximation for large k’s, where the relativ- | 
istic expression is seen to diverge linearly in & rather than logarithmically | 
(on the one-electron theory). Taking this roughly into account by neglecting | 
the retardation in (4.24) (the exponential factors then cancel) one finds 


lee) 


26 on na ele pr ln 
mie [ ax kG. jose By By, | 


Ak, == 


3 

0 

where the integration over the directions of k has already been performed, 
using $ drsdo = Oye 90) 3. 

Bethe! has used (4.29) (apart, of course, from the factor G.) to compute 
the electromagnetic level shift established experimentally by Lamb and Rether- 
ford.2. After discarding the contribution from the free-electron self-energy in © 
(4.29) he has then to make a cut-off in the k-integral in order to obtain a — 


finite result. 
When analytic continuation is used we have in (4.29) an integral of the form 


(oe) 


Ga en | Giedk— yf “eo dk, (4.30) 
0 é 


Jk+ pw 
0 


k + 


The first term on the right, corresponding to the self-energy of a free electron, 
now vanishes on continuation to a=0. The second integral can be reduced 
to the form (4.5): 


(ee) K [ove) co 
Gadk (dk dk 1 1 
cont fe | gaat cont | — | (Ege g) Ae= 
0 0 K K 
ru (4.31) 
= log a 
| | Hes er 
K 
F a (Ip k) 
cont | Fong ak = — low [to |: (4.32) 
Insertion into AE, yields 
vee j-! 
AE, =>— 3 ‘ oe ite 
3am 61? [2><2| pr |m> (Ei — En) los ym, | (433) 


which is of the same form as Bethe’s expression; the agreement is complete 
if I) is chosen to be the Compton wave-length, 


1 BeruHE [1]. 
* LamsB-Reruerrorp [1]. 
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h 


i 
: mC 


(4.34) 
(in ordinary units). 

The result (4.33) shows that the method we have used here is in a sense 
equivalent to a cut-off; this is also seen from e.g. (4.15) and (4.16). Indeed, 
the main interest of the considerations in the present section consists in their 
affording an illustration of how the method works and of how it can be used 
to define such cut-offs in a consistent way; the exact form (4.33) of the re- 
sult is not very important in view of the non-relativistic approach and the 
other approximations made above. In particular the justification for using 
(4.29) is not clear when the upper limit of the integral is infinite. 

The way to set about the relativistic calculation will be touched upon in 
section 25. 


CHAPTER V 


Concluding remarks 


25. Moving electron. Relativistic level shift. In this last chapter we are 
going to collect some remarks on a few miscellaneous topics, which must here 
be treated rather cursorily. The first concerns the self-energy of an electron 
in motion evaluated by means of the formalism in Chapters III and IV — 
up to now our applications have only been concerned with an electron at rest. 
No new problems arise in the one-electron theory, where the second-order 
approximation of the self-energy is still found to come out as zero. In the 
hole theory, however, matters are not so simple, because the result of treating 
the equations by standard methods, combined with the prescription in section 
20, has not the correct transformation properties; this is a well-known feature 
also of the ordinary (divergent) expression. Nor is it possible, within the frame 
of the formalism, to go over for the calculation to a coordinate system in 
which the electron is at rest, and then transform back afterwards. 

The reason for this lies in the non-relativistic character of the canonical 
formalism in Chapter III. It was pointed out near the end of section 16 that 
we must work in a three-dimensional plane orthogonal to the vector I, 1. e. 
use a Lorentz system with the time axis along the direction of I; in any other 
system the three-dimensional space would have different properties in different 
directions. Since the anisotropy disappears in the limit a= 0, it does not 
really matter in ordinary expressions, but in logarithmic terms it does. Thus 
the expression (4.15), (4.16) for the self-energy of an electron at rest on the 
hole theory would be totally changed if another coordinate system had been 
employed in the evaluation (the time and space parts of I would come in 
separately). It is therefore necessary to keep to one fixed Lorentz frame 
during the calculations; the question is only how to do it in a consistent way 
that preserves the relativistic invariance of the results. : 

A possibility that is near at hand is a combination of the present formalism 
with Schwinger’s invariant formulation of quantum electrodynamics.t Such a 


1 ScHWINGER [1]. 
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combination amounts to replacing the various D functions in Schwinger’s treat- || 
ment of the self-energy, ScHWINGER [1] II § 3, by the corresponding D* fune- 
tions; the procedure is otherwise the same (but all calculations must be per- || 


formed in the special coordinate system defined above). Evidently the outcome ff 


will be that the finite expression (4.17) for 4A m/m will take the place of the | 
infinite quantities in Schwinger’s equations (3.97) and (3.98). The renormaliza- | 
tion of the mass can be performed in the same way as done by Schwinger, © 
but with the advantage that Am is now finite. Since only the combination © 
m+ Am=m, enters into the resulting equations, there will be no observa- 
tional difference, however. 
In particular, if we want to make a relativistic calculation of the electro- 
magnetic shift of energy levels in hydrogen (section 24) with the help of the 
a-formalism, it is necessary to combine it with some such prescription as 
Schwinger’s, the result then being the same as is obtained on his theory.* 


26. Applications to meson theory. The formulation of the a-method in | 
Chapters I and II was founded on Riesz’s solution of the equation —[LJu=f. 
The corresponding solution for the equation (— (] + x®)w=f can be used to 
treat the meson case in a similar way; this has been done classically by 
Fremberg” and quantum-theoretically by Gustafson?; some formulas relating 
to this problem are also given in [II]. The effect with respect to the elimina- 
tion of divergences is the same as in electrodynamics. 

If we adopt instead the canonical formalism of Chapter III, we have to 
introduce a D* function for the meson field corresponding to the function D*% in 
(3.27). In the meson case (k, k) = — x”, so that ko = (k? + x”)? (the meson 
mass being fix/c); therefore, if gx is again taken to be a function of the scalar 
product (l,k), we have 


Gu (loko) ™ (lp ho) = Ut (04) o(forlarge*k’s) (5.1) 


in the special coordinate system employed in Chapter III (for which l= 0). 
This form is in analogy with Pauli’s formulation of the A-process for the 
meson case.* 

As in section 15, the a-method can still be regarded as a generalization of 
the A-process and so will give the same results in cases where the latter 
process attains convergence. This means, for instance, that the magnetic mo- 
ment of the neutron will appear with the wrong sign.®> In order to avoid 
wrong numerical values it is therefore again necessary to resort to some 
renormalization procedure in the sense of Schwinger.® 


27. Another use of analytic continuation. We shall now briefly return to 
the problem treated in Chapter I, that of deriving the equation of motion 
(1.18). Our present derivation will start from the ordinary retarded field out- 


* Relativistic calculations are given in Dyson [1] (for a scalar particle), Kroru-Lams [1], 
FRENCH-WEIsSKoPF [1]. 

> FREMBERG [2] Chap. 13, [3] §§ 6, 7. 

° Gustarson [2], [3]. 

4 Pau [4]. 

* Jaucu [1]. With the «-method this was first established by Pauli (unpublished). 
® Cf. e.g. Case [1]. 
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side the world-line, the value on the world-line being defined as the finite 
part of the field as one approaches the line orthogonally. Though more arti- 
ficial, this mode of procedure shows essentially the same features as the inte- 
gration method in Chapter I. : 

In the ordinary theory, without analytic continuation, a definition of e.g. 
the field F,,(x) at the electron point z can be obtained in this way. We 
surround the electron in the local rest system by a sphere (in three dimen- 
sions) of radius r and compute the average of F(x), let us say F (z,7r), over 
the surface of the sphere; then we go to the limit 7 =0. Using analytic con- 
tinuation, we may instead form the expression 


To 


F (z) = cont a { 1°! F(z, r) dr, (5.2) 

a=0 0 
which, according to the lemma (1.32), coincides with F(z,0) if F(z,r) is 
continuous at r=0. If F(z,r) should instead have a pole at r=0 — as is 
the case for an accelerated electron —, a finite value is defined, which may 


be regarded as the finite part! of the field at » = 0, and which coincides with 
the value given by the Riesz method, Eq. (1.17). 

To see this we use the expression derived by Dirac for the field in the 
vicinity of the world-line: Drrac [1] Eq. (60). In our present notations, and 
with [a, b]i.. = a,b, —a,b., we have for the retarded field at a point 
x—=2z+7re,e being a unit vector orthogonal to the world-line at (i.e. 
(u, e) = 0), 


é 


Puy (x) = — 


177? [elas & Err [ley wl.» —ile) #) [w, €],»]} — 


42 &% (5.3) 
e 
470 Ep 


{s[3(e, uw” + w*] [u, e]uy— 3 (e, u) [U, wey — 3 [ié, e]uv — 3 [t, wun} +O (7). 


In prevision of the continuation (5.2) only the terms independent of 7 are impor- 
tant, and on averaging over the directions of e we see that all of these drop 
out except the last. Adding the incident field, we are thus back at the ex- 
pression (1.17), as we wanted to establish. 

It is also possible to give a corresponding definition of energy-momentum 
quantities. With i another unit vector orthogonal to u and with x =x + 
+@ai=z+ret+ai=z+7'e, we form 


Tuy (*5%') = &q [Pua (%) Fy Xe’) — £ gus For (x) FY (x). (5.4) 
Averaging over the directions of i (for x and a fixed) then yields an expres- 


sion 7',, (x, a) corresponding to #(z,7r) above; in integrals containing Tu» (%, @), 
a is afterwards to go to nought by analytic continuation as in (5.2). 


1 Generally, F(z) defined by (5.2) equals the coefficient Fy (2) in the expansion F (2, r) = 
«oo 

Yd Fn (z) 7” (with m an integer); see the lemma (1.32), (1.33), or Ma [1] Eqs. (14), (15). 
—m 
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The suitability of this definition can be tested by computing the flow of 
energy and momentum out through a thin tube 2; of radius ¢, surrounding 
the world- line and bounded by two planes o’ and o” orthogonal to the line, 


at = and 2”: 
O Tu» (*, a) 
a—1 (2 4 
cont a [ine ee Dok CID ie (5.5) | 


Expressing the integral over 2 as a surface integral over the three-dimensional — 
boundary of the region, we can obtain the contribution from the time-like tube _ 
surface = by performing the analytic continuation under the integral sign, 1.e. 
by putting a=0 in T,,. This contribution is given by Kq. (68) in Drrac [1], 
in our notations 


grt 2 
[T.0dd = [| 
pe J L827 
Dy s’ 


with F,,(z) defined by (1.17). 
In evaluating the integrals over the end surfaces, we need only take those 
terms in (5.3) into consideration which are proportional to r~? and r~; thus 


CP ig CL iy (BZ) w | ds + O(e), (5.6) 


i : . 
- [(e, uw) + (e, e’)(e’, w)] + 


Il pate p ; . 
+ salle’, #) + ©, ee, iy} + e-*0(1), Oe 


a 


where 7’? = 7? + a® + 2ar(e,i). The integrations over the directions of e and i 
leave only the first term within the braces different from zero. On evaluation 
we get 


Fey lei Nees ange) 
[Bn a) do= ace Som { arg 27 dw + O(e)= 
0 


rsSe 


ees. te Sad ies 
ape 2 + O(s) = saa (,— gm + Ol0 


(for a<e), so that the contribution of the end surfaces to the integral in 
(5.5) becomes 


a=0 


or af dae| 1 [he fl Tn» (x, a)u"do = -|3 cae ual, + O(e). (5.9) 


The significant term in (5.9) cancels against the first term on the right in 
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(5.6); therefore, the total flow of electromagnetic energy and momentum out 
from the region is given by the second term in (5.6)! (it is independent of the 
radius ¢ and so can be obtained by letting « ~ 0). When the ‘flow’ of mechanical 
energy-momentum is added, we are again led to Eq. (1.19) from the require- 
ment that the total flow should be zero. 

A similar procedure could be used in the quantum theory. We should then 
replace the interaction term in the Lagrangian (2.1) by e.g. —ie pt (x) yp (x) - 
-A,,(*, a), the equations of motion being modified accordingly. As a tends to 
nought by the continuation process of Eq. (5.5), the value zero is obtained 
in this way too for the self-energy of the electron on the one-electron theory. 
The advantage of this method is that the commutation properties are not 
affected, but it has the drawback of not being relativistic for a + 0,i.e. for 
a> 0 (because A,(%, a) is an average value calculated in a fixed plane x = 
const.). In that respect the method resembles the procedure of Chapter III; 
indeed, is is easy to convince oneself that if the self-energy (in the e? approxi- 


mation) is written as a momentum integral, it will again contain a factor ge of 
Ay 


essentially the same form as in (3.35): ge=a i a*~' cos ak da (note that in 


6 
this section we have not taken the trouble to make the formulas dimensionally 
correct for a= 0). 

More generally, if a length a is introduced in any way into the formalism, 
the result of letting it approach zero by analytic continuation (as in Kq. (5.5)) 
will be to throw away all terms depending on a in expressions which can be 
expanded in Laurent series in a (with a pole at a= 0). 


28. Conclusion. In the foregoing pages different aspects of the a-method 
have been examined, and its suitability for eliminating divergences has been 
pointed out. We shall now end this investigation with some critical and 
mostly negative observations. In forming an opinion of the a-method as 
presented here, we have to allow that it can certainly make no pretence to 
constitute a definitive form of the theory, at least not in quantum electro- 
dynamics. On the whole, the situation may be said to be more satisfactory 
in the classical case, where the original formulation of Riesz and Fremberg 
gives an elegant derivation of results in a consistent and relativistically in- 
variant manner. Of course, the physical content of the results can still be 
questioned, especially in view of the run-away solutions contained in the 
equation of motion (1.18); this question is connected with the problem whether 
the electron is really to be conceived as a point. 

Quantum-theoretically matters are complicated as a consequence of the 
fundamental role played by the commutation relations, which makes it desir- 


1 The proof of the corresponding formula in the case of the Riesz field, Eq. (1.16), could 
be conducted in a similar way. With the integral of 0 10 xy expressed as a surface in- 


_tegral, the contribution from x is again obtained in the form (5.6) for Ce 0, and it remains 
to show that the analytic continuation of the end-surface integrals will just cancel the first 
term in (5.6) (except for terms vanishing with ¢). This can at least be made plausible as 
follows. Our result (1.23) in section 3 shows that these integrals are of the required form 
(5.9) if we is constant; and if wu is not constant, the significant additive terms are seen 
from (5.7) (with e’ =e, r=) to vanish on letting a go to nought under the integral sign 
(the integrand contains the factor (¥ — 2, u)/r*, which gives the result zero when integrated 
over the directions). 
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able to have the theory in a canonical form. But the application of the integration 1 
method in Chapter II is not Hamiltonian; and the Hamiltonian formulation of | 
Chapters III and IV lacks some of the beauty of the Riesz method by not being | 


relativistic (for a > 0). This last property will be a general feature of attempts 


to alter the commutation rules along the lines tried here: by modifying the D | 
function appearing in the commutators. For if this function is represented as | 


a Fourier integral in momentum space over the light-cone mantle (or a hyper- 


boloid surface), what is needed in order to eliminate divergences is a modifica- 1 | 
tion for {nfinitely large momenta k or kp; and, the only invariant formed 


from the vector k alone being a function of (k, k), which is constant on any 


invariant surface, it is not possible to devise a modification that is at the - 


same time effectual and relativistic. If an extraneous vector is introduced, as 
the vector I in Chapter III — where (k, k) was replaced by (k, l) —, it has 
no physical significance. 

From a relativistic point of view it would therefore be better to make the 


change not in the vacuum fields but in the interaction term, as is done in | 


the Riesz-Gustafson method. 

Even if the non-relativistic character of the canonical formalism can be 
done away with in the end results by the procedure of section 25, it is not 
very satisfactory to associate the purposely invariant formulation of Schwinger 
with the non-invariant procedure here. However, Schwinger’s method should 
be supplemented by some convergence-producing formalism, and then the a- 
method offers one possibility. The physically observable predictions of the 
theory will not differ from those of Schwinger’s theory, provided the original 
divergences have been removed by the renormalization procedure. Now it 
seems that not all the infinities one meets with are of this kind; thus in the 


case of vector mesons logarithmic divergences remain even after renormaliza- 


tion.’ The application of the a-method in such instances is subject to some | 


ambiguity because of the undetermined quantity J) entering into the results. 


It was suggested in section 24, Eq. (4.34), that J, should be set equal to the | 


Compton wave-length h/mc, but at present we have no principle that would 
allow us to determine the value theoretically. Another question which is not 
cleared up is that of the divergences in higher approximations. 

Though it is thus evident that the theory is still incomplete, the a-method 
is of interest as indicating one possible way out of the divergence difficulties. 
Whether that way is physically justified, and so whether, in a future theory, 
it will be found convenient to resort to analytic continuation in some form, 
is not clear. 
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